#%IFERP

connecting engineers... developing researc f

ISSN (Online) 2456 -1304

International Journal of Science, Engineering and Management (1JSEM)
Vol 3, Issue 8, August 2018

A note on Ultra L-Topologies

Pinky
Department of Mathematics
Cochin University of Science and Technology, Cochin, Kerala, India

Abstract— In this paper, we investigate the lattice structure of the set FX of all Ltopologies on a given finite set X when
membership lattice L is a finite Boolean lattice. All the ultra L-topologies and their number in the lattice FX are determined.
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I. INTRODUCTION

In 1960’s many authors like A.K Steiner, Van Rooij
studied the lattice structure of the set of all topologies on a

given set X . As a result it is known that this lattice is
complete, atomic, dually atomic and complemented but
neither modular nor distributive in general. Forlich [2] has

proved that it is also dually atomic and if |X| = N, then
there are N(N—21) dual atoms in the lattice of topologies
on the set X . Analogously, the lattice structure of the set
of L -topologies on a given set came into interest. Johnson

[5,6] has investigated lattice structure of the set of L -

topologies on a given set X and proved that this lattice is
complete, atomic but not modular, not complemented and
not dually atomic in general.

In this paper, we investigate the lattice structure of the

lattice F, of all L -topologies on a given finite set X

when membership lattice L is a finite boolean lattice. It is
easy to see that F, is complete, atomic but not modular
and not distributive. However, in this paper we prove that

if |X| =nand L = 2", then the number of ultra L -

topologies in the lattice F, is nm(nm—1). All the ultra
L -topologies are also identified

I1. PRELIMINARIES

Throughout this paper, X stands for a finite set having n
elements, L for a finite boolean lattice with the least
element O and the greatest element 1 and F, stands for
the lattice of all L -topologies on X . The constant
function in L, taking value ¢ is denoted by a and X,

where y(#0)eL, denotes the L- fuzzy point

if =X
defined by X (y) = {g Otf:lerwise' Any

f e " iscalledasan L -subsetof X .

Definition 2.1 An element of L is called an atom if it
is a minimal element of L \{0}.

Definition 2.2 An element of L is called a dual atom
if it is a maximal element of L\{1}.

Definition 2.3 Let (X, F) bean L -topological
space and suppose that g € L* and g ¢ F.Then

the collection F(g) {9,Vv(9,~09):0,,09, € F}
is called the simple extension of F determined by g

Every finite boolean lattice is isomorphic to power set
of some set, suppose L is isomorphic to P(Y) where

Y = {y11y2’y31 ------ ,ym}. Then Q; :{yi} and
S =Y\{y.} for 1<i<m are atoms and dual

atoms in L respectively.
Let o, ={Y, } for some 1<k <m be any

atom in L and A, = {0, ={Vi, ¥, }:1<p<m
and p # K} be the set of those m—1 elements in L
that immediately succeed @, . Let &, ={Y,,Y,} be
an arbitrary element of A“k and Lz denotes the

sublattice of L generated by the set
. k .
{a,,0,:6, € A“k and p=q}. Then L, is a
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complete sublattice of L with the least element ¢, and

the greatest element /3, .

L\ L'; is also a complete sublattice of L generated by the
set {@;,0, :1<1<m and ik} with the least element
0 and greatest element 1.

Clearly, (i) if o, <pu for some uel)\ L'f1 , then
Oy S H.

N k
(i) 6, Ay = a, Vyel,.
T Ky —
(i) Ly N (L\L,) =¢.
Throughout this paper, we will use all these notations.

I1l. ULTRA L-TOPOLOGY

An L -topology F on X is called an ultra L -topology
if the only L -topology on X strictly finer than F is the
discrete L -topology.

Remark 3.1 Let U bean L -topologyin F . Inorder

to show that U is an ultra L -topology, it is sufficient to
show that simple extension of U by any L -subset g €

L* suchthat g ¢ U , isthe discrete L -topology.

Now certain properties of ultra L -topologies are derived.
Let U be an arbitrary ultra L -topology in F, .

Lemma 3.2 Atleast one L -fuzzy point does not belong to
uU.
Proof. Suppose all L -fuzzy points belong to U . Since for

each f e, f = v X, suchthat

X, <f=1feU,Vvf el =U=L",whichisa
contradiction.

Lemma 3.3 If two L -fuzzy points &, and b, do not

belongto U , then a=D.
Proof. Suppose the lemma is not true, then the simple

extension U(a,) is an L-topology such that
b, 2U(a,) =U(a,) #L*. But U cU(a,), which
is a contradiction.

Lemma 3.4 There is exactly one element a € X and
one atom ¢; € L for some 1< <m such that

a, ¢U.
1

Proof. By lemmas 3.2 and 3.3, 3 exactly one
elementsay @ € X suchthat a, U for some

A=0)eL =a, U forsome 1<i<m since

L is atomic.
If possible, let a,,a, ¢U for some
i

1<i,j<m such that i# j. Then the simple
extension U(a,) is an L -topology such that
1
a, ¢U(a,)=U(, )= L".But U cU(,)
j i i

, Which is a contradiction.

Theorem 3.5 Let a € X be an arbitrary element.
Then U(f(a) ={felX:f(a)=A forany
Ae L';} is an ultra L -topology such that
a, €U (a) but a, zU;(a).

Proof. Clearly, 0,1eU(a) . Let { f;}....,
be an arbitrary family of L -subsets in U: (). Then
f(@eL\L, VI<i<r andsince L\ LE is a

complete sublattice of L
r

:>Vir:1 f. (a),/\ir:l f.(a)eL\ L'; = Vi fi,/\ir:1 f. EU(;((a)
. Thus, U; () isan L -topology.

Clearly, (i) X, € Uf'; (@), x(za)eX
and V(= 0)elL.

(ii) a, eU;(a),
Vy(=0)eL\L; =a, eUg(a), Vi<i<m
such that 1 =K .

(i) o e Ly = a, zU,(a).

Let g¢U g (a) be an arbitrary L -subset.
Then g(a) =& for some & € LE . Let S = simple

extension of U: (2) determined by g . Then g €S
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and a;,a, cU;(@cS=a, €S =S=L".

Thus simple extension of U:(a) by any of the

L -subset not belonging to it, makes aak an L -open set.

Hence U: (a) isanultra L -topology.

Remark 3.6 In the theorem 3.5, §q can be replaced by

any element 5p € A“k and corresponding to the element

J, , the sublattice Lkp and ultra L - topology U,'j(a) can
be formed in the same way as formed for é'q . Therefore,
theorem 3.5 provides nm(m-—1) ultra L -topologies
U:(X) where Xe X and 1<k,g<m such that
k=(Q.

Theorem 3.7 Let U be any ultra L - topology in F,
suchthat &, €U and @, U for some a € X and
A#01)elL.Then U = U; (a) for some
1<k,q<m suchthat kK= (.

Proof. Case 1 : A is an atom.
Then A =g, for some 1<k<m and a, U . By

lemma 3.3, X, €U , VX(#a)e X and Vn(#0)elL

and by lemma 34, a, €U, VI<i<m such that
1

=K.

Since &, €U , there existsno L -subsets f,g €U such

that f(a)=¢, or f(a)Ag(a)=q,. Therefore, for

atmost one &, €A, , there exists L -subsets heU
- . k
such that h(a) = &, and if 3, U then U cU,(a),
which is a contradiction. Thus a; €U .
q

I there exists some L -subset f € L* in U such that

f(@=y for any yel¥, then

a,a; ,feU =a, €U, which is a contradiction.
q

Therefore f e L* such that f(a) =y forany y e L';,

are the only L -subsets not belonging to U .

Hence U={fel*:f(@=#y for any
y e LE}Z U:(a) , Which is an ultra L -topology by
theorem 3.5.

Case 2: A isnotan atom.

Since L is atomic, a, ¢U =a, ¢U for some

1

1<i<m and then by case 1, U =U, () for some
1<t<m suchthat t #i.

Remark 3.8 It is easy to see that if @ and b are any

two elements of X suchthat a = b, then

S,, ={fel*:f(aQ#0=b, <f}isanL

! ai 1

-topology.

Theorem 3.9 Simple extension

S.s, (8, )={f el*: f(a)v B =1=b, <f}
3 ai 1

of the L -topology Sa,b by aﬂk for some
]
1<k <m,isanultra L -topology.
Proof. Let f, =a,vb, , VA(=0)eL.Clearly,
1
f,eS,, =S, (aﬁk)’ VA(#0)eL.Then
o; ’ a;

a, nf, =8, €S, (aﬂk)’ Vy(#0) €L such
that y < B, . Also X, € Sa’bi , VX(#a) e X and
VA(#0) e L. Therefore @, , where 77(=0) € L
such that 77 v 3, =1, are the only L -fuzzy points
not belonging to S, , (aﬂk ).

Hence

Sa,bi (aﬂk) ={felX: f(@vp =1= b"’i <f}
and g eL* such that g(a)=¢ and g(b) =,
where /¢, u(#0)e L such that /v S, =1 and
HNO = 0, are the only L -subsets not belonging to
Sa’bai (aﬁk ). Simple extension of Sa’bai (aﬂﬁk ) by
any of the L -subsets not belonging to it, makes each
a, , where 77(=0) e L suchthat v B =1,an L

-open set. Hence Sa’bai (aﬁﬁk) is an ultra L-

topology.
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Remark 3.10 Theorem 3.9 provides nm*(n—1) ultra
L -topologies S, , (Xﬂk) where X,y e X such that
g

X#Yand 1<i,k<m.

Theorem 3.11 Let @ € X be an arbitrary element. If U
isan ultra L -topology such that a, U , then

U=S,, (aﬂk) for some b(=a) € X and
1<i,k<m.

Proof. By lemma 33, X, €U, Vx(a)eX and
VA(=0)eL. aeU :aakaéU for

1<k <m and by lemma 3.4, a, €U, VI<i<m
1

some

such that ik =a,,a,eU, VA(=0)eL such
k

that A < B3, .

Clearly, f, is the only dual atom in L such that
A eU.

Let B={yrelL:a, <y} Forany yeB, yvp =1
—a, U . Thus a, where y B, are the only L-

fuzzy points not belonging to U .
Let (1) €B be an arbitrary element. If possible, let

there exists no L -subset in U which assumes value y at
aandlet fel” suchthat f(a)=y and f(x)=1,
VXx(=a)e X . Then f gU and the simple extension
U(f) is an L -topology such that
a ¢U(f)=U(f)=L*. But UcU(f), a
contradiction. Similar is the case when y =1, in this case
consider f el* defined as f(x)=0 for some
X(=a)e X and f(y)=1, Vy(=x)e X.

Let {f, }...., be the collection of all those L - subsets in
U which assumes value ¥ at @ and ¢ = /\irzl f.. Then

geU and
g=a, \/bai for some atom ; € L and b(=a) e X .

since U is an ultra L -topology,

Since ¥ € B was an arbitrary element, the same process

can be done for any element of B. Let &,,5, €B be two

arbitrary ~ elements.  Then a, <9 and
@ S0, > S8, A6, =05 (say). Let {h}
and {g;}j be the collections of all those L -

subsets in U which assume value o6, and &,

respectively at a. Let G= /\is:l h.  and
H= /\tjzlgj . Then  G=a, vbwi and
H=a, Ve, where  b,c(za)e X and
ai,ajeL. If b#c o i#]j, then

contradiction since

GAH= a;, eU, a

6;eB=>b=c and ; = q;.

Therefore 3 a unique element b(#¥a) € X and a

unique atom ¢; € L such that b, <h,VheU
1

such that h(a) =7 where 77 €B. Clearly, there is
no L-subset g, in U such that g,(a) =y and
g,(b) = where yeB and pel such that
pre; =0.

Hence U =

{felX:f(@Qvp =1= bai <f}= Sa’bai (aﬂk)
, which is an ultra L -topology by theorem 3.10.

Theorem 3.12 Let X be a finite set having N
elements and L be a finite boolean lattice isomorphic

to the power set P(Y) where |Y| =m, then there are
nm(nm—1) ultra L -topologies in the lattice F, .
Proof. Let U be an arbitrary ultra L -topology in F,
. By lemma 3.2, a, ¢U for some ae X and
A=0)el.
Casel: a, ¢U forsome 0<A<lbuta eU.
Then by theorem 3.7, U = U:(a) for some a e X
and 1<k,g<m suchthat g =K.

Case2: a ¢U .
Then by theorem 3.13, U = Sa'bai (aﬂk) for some

a,be X suchthat a#b and 1<i,k <m.
By remarks 3.6 and 3.10, it follows that total number
of ultra L -topologies in F, is nm(nm—1).
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