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Abstract:- (G,D)-number of graphs was introduced by Palani K and Nagarajan A. Let G be a (V,E) graph. A dominating set is a
subset D of V such that every vertex in V-D is adjacent to atleast one vertex of D. A (G,D)-set D of G is a subset D of V(G) which is
both a dominating and a geodetic set of G.In this paper, we find the (G,D)-number of weak(or kronecker) product and strong

product (or composition)of some standard graphs.

I. INTRODUCTION

Graph Theory is an important branch of Mathematics. It has
grown rapidly in recent times with a lot of research
activities. In 1958, domination was formulized as a
theoretical area in graph theory by C. Berge. He referred to
the domination number as the coefficient of external
stability and denoted as B(G). In 1962, Ore [7] was the first
to use the term ‘Domination” number by 6(G) and also he
introduced the concept of minimal and minimum
dominating set of vertices in graph. In 1977,
Hedetniemiet.al[6] introduced the accepted notation y(G) to
denote the domination number. Let G = (V,E) be any graph.
A dominating set of a graph G is a set D of vertices of G
such that every vertex in V-D is adjacent to atleast one
vertex in D. The minimum cardinality among all dominating
sets of G is called the domination number of G. It is denoted
by y(G).The concept of geodominating (or geodetic) set
was introduced by Buckley and Harary in [2] and Chartrand,
Zhang and Harary in [3, 4,5]. Let u, v eV(G). A u-v
geodesic is a u-v path of length d(u, v). A vertex x is said to
lie on a u-v geodesic p if x is any vertex on p. A set S of
vertices of G is a geodominating (or geodetic) set if every
vertex of G lies on an x-y geodesic for some x,y in S. The
minimum cardinality of geodominating set is the
geodomination (or geodetic) number of G. It is denoted by
0(G). K. Palani et.al[8,9,10] introduced the concept (G,D)-
set of graphs. A (G,D)- set of graph G is a subset S of
vertices of G which is both dominating and geodominating
(or geodetic) set of G. A (G,D)- set of G is said to bea
minimal (G,D) set of G if no proper subset of S is a (G,D)-
set of G. The minimum cardinality of all minimal (G,D)-set
of G is called the (G,D)- number of G. It is denoted by
ve(G). All graphs considered here are non-trivial, simple
and undirected. The order and size of a graph G are denoted
by p and q respectively Let G;(V1,E;) and G,(V,,E,) be two
graphs. Theweak(or kronecker) product[1] of G; and G,
denoted byG;OGyhas V =V;XxV, as its vertex setand E

={{(ug,ux)(v, Vo) H(uy,v1) € E; and (upVv,) € Ej}as its edge
set. The strong(or composition) product[1] of G; and G, is
denoted by G;X G, has V = Vx V, as its vertex set, and u
= (uy, Uy) is adjacent with v = (v4, Vv,) whenever u; is
adjacent to v, (or) u; = vy and u, is adjacent to v,. In this
paper, we find the (G,D)-number of weak(or kronecker)
product and strong product (or composition)of some
standard graphs. The following theorems are from [8,9,10]

1.1 Theorem :yg(K,) =n

1.2Theorem : y(P,) =2+ ["T_‘*

1.3 Theorem : y5(Cy) = E] n>6.

1.4 Theorem: Any (G,D) set D of a Graph G contains all
extreme points of G.In particular, D contains all the end
points of G.

Il. (G,D) - NUMBER OF WEAK(OR KRONECKER)
PRODUCT OF GRAPHS

Here, we find the (G,D)-number of weak product of some
standard graphs.

n+2

2.1 Theorem : yg(P,OP,) =2 [T]
Proof:Let V(P,) = {u;,u.} and V(Py,) = {Vv1,V,...Vp}.
Then, P,OP, looks as in figure 2.1
Here, P,OP,=2P,,.
Therefore, ys(P.OP,) =ys(2P,)

= 2y6(Pn)

n+2
=2|—
3
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{ug,v1) (u1,v2) (u,va) (uyvea)  (ug,va)

(Uz,V]) (UZ,Vz) (Uz,\;a) T (Uz,\’n-l) (UQ,VH)

Figure 2.1

2.2 Theorem :yg(PzOP,) = n+2 for n>4,n=#5.

Proof:Let n>4, n#5.Let V(P3) = {ug,upus} and V(P,) =
{V1.va,.. v}

Then, Ps®OP, looks as in figure 2.2

Obviously, S = {(u,v1), (UzVv1), (U3V), (U1,Vn), (U2,Vp),
(us,vp)} is @ minimum geodetic set of P3(OP,, They dominate
only the 6 vertices with second coordinate v, and v,,..

(ugve) (ugva)  {ug,ve) (ug,va) (ug,vs) (uz,Vn2) (uz,Vna)

(Usv)  (usv)  (usvs) (us,va) (uzvs) (UsVna) (us, V1)

Figure 2.2

To dominate the remaining vertices we need to select either
all the vertices in the second row with second co-ordinate
not equal to v;,v,,v,1 and v,or atleast the same number of
vertices from all the three rows to get a minimum (G,D)-set.
Hence, S; = SU{(uz,V3), (Uz,Vy),... (Up,Vy2)} IS @ minimum
(G,D)-set of P;(OP, Therefore, yg(Ps©OP;,) = |S4| = 6+n-4 =
n+2 for n>4, n#5.

When n =5, the graph is as in figure. 2.3

(ugve)  (uiwe) (usva)  (ugva)  (ugvs)

{uzv1) (uz,v2) (us,vs) (us,va) (uz,vs)

Figure 2.3

In this case Sl = {(Ul,Vl), (Uz,Vl), (U3,V1), (Ul,V5), (U2,V5),
(U3,Vs), (Uz,V3),(Uz,Va)}  (0r) Sz = {(ug,va), (Uz,va), (U3, V1),
(U,Vs), (Up,Vs), (UsVs), (UzVs), (UpVo)} are the minimum
(G,D)-sets.

Therefore, yg(PsOP,) =|S1| =|S;| = 8.

2.3 Theorem :

VG(P4OPH)

_ 4k+6 ifn=4k+1

_{4(k +1)if n=4k+2,4k +3,4(k +1)
Proof:LetV(P,OP,)={uy,Us,...Un,V1,V2,..V0.W1.Ws,...Wp,Z1,Z5,.
.Zo} with u;,vi,w;,z; representing the corresponding row
elements.Then, P,OP, is as in figure 2.4

Obviously, S = {u,v1,W1,21,Un,Vn,W,,Z,} IS @ geodetic set
of P,OP,.

Also, they dominate the 8 vertices in the second and (n—1)"
column elements.

Further, it is observed that selecting last two consecutive
vertices among every four consecutive vertices from the
second and third row starting with second column element,
we could get a dominating set for the remaining elements.
Therefore, to find the vertices to dominate the remaining
vertices of P,OP,. We proceed in 4 cases

Uy

Figure 2.4

Case (i) Ifn=4k+1
Here, SU{V4,V5, W4, W5, Vg,Vo,Wo, ... Va(k-1),Vak-1)+ 1, Wak-1), Wa(k-
1)+1.VaWa} 1S @ minimum (G,D)-set of P,OP, when n =
4k+1.
Therefore, yc(P,OP,) =S| =8 + 4(k—1) +2

=10 + 4(k-1)

=4k + 6.
Case (ii) Ifn=4k + 2.
Here,SU{V4,Vs,W4,Ws,Vg,Vg,Wg,Wa,...Vak,Vak+ 1, Wak, Wak+1} 1S @
minimum (G,D)-set of P,OP, when n = 4k+2.
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Therefore, y(P.OP,)=|S| =8 + 4(k)=4(k + 2).
Case (iii) Ifn=4k + 3.
Here,SU{V4,Vs,W4,Ws,Vg,Vg,Wg,Wag, ...V, Vaxs1,Wak, Wak+1} 1S @
minimum (G,D)-set of P,OP, when n = 4k+3.
Therefore, yg(PsOPL)=|S|= 8 + 4(k)= 4(k + 2).
Case (iv) Ifn=4(k +1).
Here,SU{V4,V5,W4,W5,Vg,Vg,Wg,Wg,...V4k,V4k+1,W4k,W4k+1} is a
minimum (G,D)-set of P,OP, when n = 4(k+1).
Therefore, y(P,OP,)=|S|=8 + 4(k)=4(k + 2).
2.4 lllustration
Consider P,OPsas in figure 2.5
Here,n=5=4k + 1wherek =1
S = { Uy,V1,W1,24,U5,V5,Ws5,Z5 FU{V4,W, } IS @ minimum (G,D)-
set of P,OPs.
Therefore, ys(P,OPs) = |S| = 10= 4k + 6.

U1 Uz usz

Ua us

Figure 2.5

2.5 Hlustration

Consider P,OPgas in figure 2.6

Here,n=6 =4k + 2 where k =1

S = { uy,V1,Wi,2;,U6,Ve,We,Z6 FU{V4,V5,W, W5} iS @ minimum
(G,D)-set of P,OPs.

Therefore, yg(PsOPg) = [S| = 12=4(k + 2).

Figure 2.6

2.6 lllustraion
Consider P,(OP;as in figure 2.7

Here,n=7 =4k + 3 where k=1

S = { ug,Vi,Wy,21,U7,V7,W7,273U{V4,V5, W, W5} iS @ minimum
(G,D)-set of P,OP.

Therefore, yg(PsOP;) = |S| = 12=4(k + 2).

Figure 2.7
2.7 Hlustration :
Consider P,(OPgas in figure 2.8

Figure 2.8
Here,n=8 =4(k + 1) where k = 1
S = { uy,V1,Wi,2;,Ug,Vg,Wg,Zg}U{V4,V5, W, W5} iS @ minimum
(G,D)-set of P,OPs.
Therefore, ys(PsOPg) = |S| = 12=4(k+2).
2.8 Theorem :

_ (2[n/3lif nis even,
r6(C.OCn) = {[2n/3] if nisodd’ "=°
Proof:Let V(C,) = {ug,u,} and V(C,) = {v1,Va,...Vp}.
Then, C,OC, looks as in figure 2.9
_(2C,if nis even
Here, C,OCy= {CZn if nisodd’
Therecfore,y(C,OC,)
_(ve(2Cy) if nis even
- { Ye(Cop) if nis odd
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_{ZYG(Cn)if nis even
yg(Cyy) if nis odd

(U] () {u e

[ I I |

() ()

v (i) (U} () (o)

Figure 2.9
Therefore, by Theorem 1.3,
_ (2[n/3]if nis even
ve(COC) = {[2n/3] if nis odd
2.9 Remark :

(Dye(C.OC3) = yo(Ce) = [6/3]= 2.
(2)yc(CoOCy) =2 ys(Ch)=2 x2=4

x|

(3) By (1) and (2), it is observed that the above theorem is
true for all values of n=3 though ys(C,) = [n/3]forn = 6.

2.10 Theorem :
]/G(Cg®cn) =nNn; n > 3

Proof:Let n >3.Let V(C3) = {u,upus} and V(C,) =
{V1,Va,..Vp }.

Then, C;OC, looks as in figure 2.100bviously, S={(u,v1),
(UVv2), (ULVa), (UVa),.  (UnVno), (U Vaa),  (Uy,Vo)}
Or{(“Zlvl)v (u21V2)1 (u21v3)1 (u21v4)1'" (UZ:Vn-Z): (UZIVn—l)l
(Uvn)}  or {(us,vi), (U3,V2), (U3,V3), (U3,Va),... (U3,Vn-2),
(u3,Vn-1), (Us,vy)} isa minimum geodetic set of C;OC,,

Also, they dominate all the remaining vertices in C;OC,.
Thus S is a minimum (G,D)-set of Cs(OC,.Therefore,
Ye(CsOCh) =n; n =3

(uz,va)

Figure 2.10

111. (G,D) - NUMBER OF STRONG(OR
COMPOSITION) PRODUCT OF GRAPHS

Here, we find the (G,D)-number of strong product of some
standard graphs.

3.1 Proposition :yg(P,XIP3) =2.

Proof: Let V(P,) = {uyu,} and V(P3) = {vy,v,,v3}Then,
P,XIP3 looks as in figure 3.1

{ulczq (ug,va)  (ugv

(ug,v1) (uz,va) (ug,vs)

Figure 3.1
From figure, clearly S = {(uy,v1),(us,v3)} is one of the
minimum (G,D)-set of P,XIPs.
Therefore, yg(P.XIPs) = |S| =2.
3.2 Proposition : yg(P2XIP,) = 3.
Proof:Let V(P;) = {ug,uy} and V(P,) = {V1,Vo,V3,V4}
Then,P,XIP4looks as in figure 3.2
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{U],‘u"]) (UI;V2} {U],Va) {U],Vg;)

C\ £

{Uz,\a"l) {Uz,Vz) {U2,V3) {U2,V4)

Figure 3.2
From figure,clearly S = {(ug,vy1),(us,vs),(us,v4)} is one of the
minimum (G,D)-set of P,XIP,.
Therefore, yo(P.XIP,) = |S| =3.

3.3 Theorem : y(P,XIP,) =4 where n> 4.

Proof:Label the vertices of P,XP, as ujUy,...Uu, and
V1,Vy,...V, as in figure 3.3

It is observed that P,[XIP, contains a bipartite graph K, as
its subgraph. Further, V(K. ) is partitioned into V4, V, with
G[V1], G[V] are path of length n.

Hence Vi, V, contains atleast two non-adjacent
vertices. Therefore, a pair of two non-adjacent vertices from
V. with a pair of two non-adjacent vertices from V, forms a
geodetic set.

U1 Uz Us Uz Unt Un
LI A |
LI A |
Vi V2 V3 Vnz  Vna Vn
Figure 3.3

Further, P,XIP, contains K, implies the above is also a
dominating set of P,XIP,.
Hence S = {uju;vi,vj/ u;u; are non-adjacent and v;,v; are
non-adjacent} is a (G,D)-set of P,XIP..Further, S is a
minimum if n> 4.
Hence ys(P.XIP,) = |S| = 4.

3.4 Theorem : y(PsXP,) = 4 where n> 3.
Proof:Label the vertices of P3XIP,, as uj,Us,...U, , V1,Va,...Vpy
\W1,W,,...W, as in figure 3.4

Uz uz u3 Un-2 Un1 Un

v e
V; v
2 : o« Vn-2 n-1
Vi Vi

. e

W1 W2 W3 Wn-2 Whn-1 Wn

Figure 3.4

It is observed that S = {u;,u;,vi,vj/ u;,u; are non-adjacent and
V;,v; are non-adjacent} is one of the (G,D)-set of P5XIP,.
Further, S is a minimum if m>3.Hence ys(PsXP,) = |S| = 4.
3.5Theorem : yg(P4sXIP,) = 4 where n> 2.

Proof:Label the vertices of P,XIP, as ug,U,,...U, , V1,V5,...Vy,
W1, Wo,...Wy, Z1,Z5,...Z, @S in figure 3.5.

It is observed that S = {v;,v;,w;,w;/ vi,v; are non-adjacent and
w;,w; are non-adjacent}is a (G,D)-set of P4XIP,..

Further, S is a minimum if n > 2. Hence yg(P4sXIP,) = |S| =
4,

Uy uz U3 Un-2 Un1 Un
e
V3 Vn2
Vi Vo PR Vi1
Vi
w Wi W1
Wy 2 et Wi
+ s 0
I1 I I3 Ina In1 In
Figure 3.5

3.6 Theorem : yg(C,XIC,) =4 .
Proof:Let V(C,) = {uy,u,} and V(C,) = {vy,v.}
From figure 3.6, C,XIC,= K,
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By Theorem 1.1, yo(C,XIC,) = yo(Ks) =4.
(uz,vi) (uz,vz)

R

g—'{ﬁfﬂ {U;fﬂ

Figure 3.6

3.7 Theorem:yg(C,XIC3) = 6.

Proof:Let V(C,) = {uy,u} and V(C3) = {Vv1,V2,V3}
From figure 3.7,C,XICs= Kg

By Theorem 1.1, y6(C.XICy) = y6(Ks) =6.

(uz,vi) (uzv2) (ua,vs)
(uz,v1) ) v3)
Figure 3.7
CONCLUSION:

In general, C,XIC,, is need not be a complete graph. (G,D)-
number of C,XC, for any two integers m and n could be
investigated in a similar manner.
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