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Abstract:- In this paper, a normality in an idempotent commutative I"'-semigroup is defined. A notion of left (right) normal, left
(right) quasi-normal, regular, normal, left (right) semi-normal, left (right) semi-regular, in a normal idempotent commutativer-
semigroup S are defined. Any left (right) normal is left (right) quasi-normal in an idempotent commutative I'-semigroup and vice
versa. Also, it is regular if and only if it is normal and the same statement is proved with respect to semi-regular and semi-normal
substructure. Any quasi-normal is also semi-regular as well as semi-normal and also the converse in an idempotent commutative
I'-semigroup. In a commutative idempotent I'-semigroup, left regularity implies both left and right normality.

Keywords:- I'-semigroup, idempotent, commutative, left and right regular, left and right normal, left and right quasi-normal, left

and right semi-normal, left and right semi-regular.

I. INTRODUCTION

The formal study of semigroups began in the early 20"
century. Early results include a Cayley theorem for
semigroups realizing any semigroup as transformation
semigroup, in which arbitrary functions replace the role of
bijections from group theory. Other fundamental techniques
of studying semigroups like Green’s relations do not imitate
anything in group theory though. In other areas of applied
mathematics, semigroups are fundamental models for linear
time-invariant systems. As a generalization of a semigroup
SEN [17] introduced the notion of I'-semigroup in 1981 and
developed some theory on I'-semigroup. JIROJKL,
SRIPAKORN, CHINRAM extended many classical notions
of semigroups to [I'-semigroup. DUTTA, T.K
CHATTERIJE [5] genelized the green’s relations in
semigroups to I'-semigroups.

In mathematics a I'-semigroup is an algebraic structure
consisting of a set together with an associative gamma
operation.  Associativity is formally expressed as that
(xy1Y)v2z = xy,(yy,2z) for all x, y, z in semigroup and
Y1, Y2 in gamma semigroup and in this full paper Normal
Idempotent Commutative Gamma Semigroup satisfying
some properties.

2. PRELIMINARIES

In this section we present some basic concepts of I'-
semigroup and definitions needed for the study of this
chapter.

2.1 Definition:-
Let S={a, b, c, ...} and I' = {y4,¥2, ... .... } be two non-
empty sets. S is called /Zsemigroup.
(@ ayb€S;
(b) (ayib)y,c = ay,(by,c)for all a, b, ¢ in S and
Yu Yz inT.

2.2 Definition:-
An element a of I" -semigroup S is said to be an idempotent.
Ifaya=aforallyinr.

2.3 Definition:-
A T'-semigroup S is said to be commutative provided
ayb =byaforalla,binSandyinI.

2.4 Definition:-
A I'-semigroup S is called left (right) regular, if it satisfies
the identity ay,by,a = ay,b (ay, by,a = by,a) forall a, b
inS,y;,y, €ET.

2.5 Definition:-
A I'-Semigroup S is called regular if it satisfies the identity
ay,by,cysa = ay,by,ayscy,a for all a,b,c in S and
Y1 Y2, V3, Ve €T

2.6 Definition:-

A I'-semigroup S is said to be left (right) normal if
ay,by,c = ay,cy,b (ay;by,c = by,ay,c) forall a, b, c in
Sandy,,y, €ET.
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2.7 Definition:-

A I'-semigroup S is said to be normal if it satisfies the
identity ay,by,cysa = ay;cy,bysaforall a,b,c in Sand
Yu Y2 V3 €1

2.8 Definition:-

A I'-semigoroup S is said to be left (right) quasi-normal, if
it satisfies the identity ay,by,c = ay,cy,bysc (ay,by,c =
ay,by,aysc) forall a,b,cinSand yy,y,,y5inT.

2.9 Definition:-
A I'-semigroup S is said to be left (right) semi-normal if it
satisfies the identity ay,by,cysa = ay cy,byscysa
(ayiby,cysa = ay,by,cysby,a) for all a,b,c in S and
Yu Y2 Y3 Yain T,

2.10 Definition:-

A I'-semigroup S is said to be left (right) semi-regular if it
satisfies the identity

ay,by;cysa = ayiby,ayscysaysbyscysa (ay,by,cysa =
ay by, cysay,bysaygcy,a) for all a, bec in S and
Y1.¥2Y3 Var Vs Ve V7 INT.

3. Normality in Idempotent Commutative I'-Semigroup:-

In this section, we will see various theorem on
normal idempotent commutative gamma semigroup
satisfying some properties.
3.1 Theorem:-

An idempotent commutative I'-semigroup S is left
(right) normal if and only if it is left (right) quasi-normal.
Proof:-
Let S be an idempotent commutative I'-semigroup. Now,
let S be left normal, then ay,by,c = ay,cy,b
=>ay,by,cysc = ayicy,bysc  =>ayiby,c = ayicy,bysc
[cysc = c¢]. Therefore S is left quasi-normal. Conversely,
let S be a left quasi-nromal, then ay,by,c ay;cy,bysc =>
ay1byzc = ay,cy,cysblbysc = cysb] => ay,by,c =
ay,cysb[cy,c = c]. Therefore S is left normal. Now, let S
be right normal, then ay,by,c = byay,c =>
ay,ayzbysc = ayiby,aysc [ay;b = by,a] => ay,byzc =
ay,by,ay;c [ayia = a]. Therefore S is right quasi-normal.
Conversely, let S be right quasi-normal, then ay,by,c =
ay1by.aysc => ay,by,c = byiay,aysc [ay,b = byia] =>
ay,by,c = by,ay;c [ay,a = a]. Hence S is right normal.

3.2 Theorem:-
An idempotent commutative I'-semigroup S is regular if and
only if it is normal.

Proof:-

Let S be an idempotent commutative I'-semigroup. Assume
that S is regular, then ay,by,cysa = ay;by,ays;cy.a =>
ay1by,cysza = ayiby,cysay,a [aysc = cysq]
=>ay,by,cysa = ay1by,cysa [aysa = a] =>
ay,by,cysa = ay;cy,bysa [by,c = cy,b]. Therefore S is
normal.

Conversely, assume that S is normal, then ay,by,cys;a =
ayicysbysa => ay by cysa = ay,byscysalcy,b =
by,c] => ay1by,cysa = ay,ay,byscyia = [a = ay, 4]
=> ay,by,cysa = ay;by,ayscysa lay,b = by,a]. Hence
Sis regular.

3.3 Theorem:-

A normal idempotent commutative I'-semigroup S
is left semi-normal if and only if it is left and right semi-
regular.

Proof:-

Let S be a normal idempotent commutative I'-semigroup.
Assume that S is left semi-normal.Then ay,by,cys;a =
ay,cy,byscysa => ay by, cysa =
=ay,ay,cysby,byscysa [a = ay,a&by,b = b]
=>ay;by,cy;a = ay,ay,byscysbyscysa

[cysb = bysc]=>ay; by, cys;a =
ay,by,ayscysbyscygalay,b = by,a] => ay1by,cysa =
ay,by,cysaysbyscysalcysa = aysc] => ay,by,cysa =
ay,ayzbyscy,aysbyscy;a [ay,a=a] =>ay,by,cyza =
ay,by,ayscy,aysbygcy,a [ay,b = by,a]. Hence S is left
semi-regular. Conversely, assume that S is left semi-
regular then, ay,by,cysa = ay,by,ayscy,aysbyscy,a =>
ay1byzcysa = ayiby,aysay,cysbyscy;a [cyia = aysc]
=> ayiby;cysa = ayibyzay,cysbyscy;sa [aysa = a] =>
ay1byzcysa = ayiay;byscysbyscy;a [by.a = ay,b] =>
ay1byzcyza = ay,cyabysbyscy;a [ayia = a & by,c =
cysb] => ayiby,cysa = ayicyibyscy,a [bysb = b].
Hence S is left semi-normal.

Assume that S is left semi-normal then, ay,by,cys;a
ayicyzbyscysa => ay,by,cysa = ayiby,cyscyasa [cyob
by,c] => ay1by,cysa = ay by cysayac [cysa = ay,c] =>

ay,by,cysa = ay,by;byscy,aysaysc [b=byb &
a = ay,a] => ay,by,cysa = ay,by,cysbysayscysa [bysc
= cysb & ayec = cysal => ay,by,cyza =

ay1byzcysbysaysayscy;a [aysa = a] => => ay,by,cysa
= ay,by,cysaysbysaygcy,a [by,a = ay,b]. Therefore S is
right semi-regular. Conversely assume that S is right
semi-regular then, ay,by,cysa =
ay1by,cysay,bysayscy,a => ayibyacysa =
ayscyabysbysaysayscysalby,c = cy,b & ay,b = by,a]
=> ay,by,cysa = ay,cybysayecy,a [bysh =b & aysa =
a] => ay;by,cysa = ayicy;byscysaysalaysc = cygal =>

All Rights Reserved © 2018 IJSEM 652



#%IFERP

connecting engineers... developing researc fh

ISSN (Online) 2456 -1304

International Journal of Science, Engineering and Management (1JSEM)
Vol 3, Issue 4, April 2018

ay,by,cysa = ay cy,by.cyqa [ay;a = a]. Therefore S is
left semi-normal.

3.4 Theorem:-
Any normal idempotent commutative I"'-semigroup S is left
quasi-normal if and only if it is left and right semi-regular.

Proof:-

Let S be a normal idempotent commutative I'-semigroup.
Assume that S is left quasi-normal, then ay,by,c =
ay1Cy,bysc => ay,by,cysa = ay,cy,byscy,a =>
ay,by,cysa = ayiay,cysbysbyscysalay,a = a & by,b =
b] => ay1by,cysa = ay,ay,byscysbyscysa [cysb =
bysc] =>ay,by;cysa = ay,by,ayscyibyscysa [ay;b =
by,a] => ayiby,cys;a = ayiby,cysaysbyscysalaysc =
cysa] => ay1by;cysaay,ay,byscy,aysbyscy;alay,a =
a] => ay1by,cysa = ay,by,ayscysaysbyscysalay;b =
by,a]. Hence S is left semi-regular.

Conversely, assume S is left semi-regular, then
ay1by,cysa = ay,by,ayscysaysbyscy,a =>

ayiby,aysc = ayiay;byscysaysbyscy;a [cysa =
aysc & by,a = ay,b]

=>ay,ay,bysc = ay,cysby,aysbyscy,a [by,a =
ay,b&ay,a = a &bysc = cy3b =>ay,by;c =
ay,cysaysbysbysay,c [bysa = ay,b&cy,a =ay,c]

=>ay,bysc = ay,cysaysbysay,c[bysb = b] =>
ayzbysc = ay;cysay,ayeby,c [bysa = ayeb] =>
ay,bysc = ayayscyebysc [cysa = aysc] =>ay,bysc =
ayscyeby,c [ay,a = a]. Hence S is left quasi-nromal.
Assume that S is left quasi-normal then,

ay,by,cysa = ay cy,bysc => ay by,cysa =

ayicy,byscy,a §72
ay,by,cyza = ay,ay,cyzby.byscysay;a [ayia =
a & by,b = b] => ay,by,cysa =

ay,ay,byscysbysayscy,;a [cysb = bysc & cysa =
ayeC]=>ay,by,cysa = aysby,ayscyibysaygcysa
=>[ ay,b = by,a] 3. ay,by,cysa =
ay,by,cysay,bysayscy,a [aysc = cysa]. Therefore S is
right semi-regular.

Conversely assume that S is right semi-regular
then, ayiby,cysa = ayibycysaysbysayscy;a  =>
ayiby,aysc = ayscy,bysbysaysayscysa [by,c = cy,b &
by,a=aysb & cysa= aysc] => ay,ay;bysc =
ayicy,bysayscysa [bysb=>b & aysa=a & by,a=
ay,b] => ay,bysc = ay,cy;bysaysay;c [cy;a = ay,c
& ayia = a] => ay,bysc = ay,cy;bysay;c [ayea = a] =>
ay,bysc = ay,cy,aysby,c [by,a = ay,b] => ay,bysc
ayiay,cysby,;c => [cya = ayyc] => ay,bysc
ay,cy.by,c [ay,a = a]. Therefore S is left quasi-normal.
3.5 Theorem:-

An idempotent commutative I'-semigroup S when
normal is left quasi-normal if and only if it is left and right
semi-normal.

Proof:-

Let S be a normal idempotent commutative I'-
semigroup. Assume S is left quasi-normal then, ay,by,c =
ay,cy,bysc => ay,by,cysa = ay;cy,byscy,a. Hence S
is left semi-normal.

Conversely assume that S is left semi-normal then
ay,by,cysza = ayicy,byscy,a => ay by,aysc =
ay;cyzbysayscley,a = ay,c&eysa = aysc] =>
ay,ay,bysc = ay cy,aysbysclby,a = ay,b & bysa =
aysb] => ay,bysc = ayiay;cysbysclaya = a & cy,a =
ay,c] =>ay,bysc = ay,cysbysc [ay;a = al. Hence S is
left quasi-normal.

Assume that S is left quasi-normal, then
ay1by.c = ayicy,bysc => ayiby,cysa =
ayicy,byscy,a => ay,by,cyza = ay,by,cyscy,a =>
[cy2b = by,c] => ay,by,;cysa = ay by,cy,a =>
[cysc = c]=>ay by;cysa = ay,by;byscy,alb = by,b] =
> ay1by;cysa = ay,by,cysby,a [bysc = cysb]. Hence
S is right semi-normal.

Convesely, assume that S is right semi-normal,
then  ay,by,cysa = ayiby,cysby,a => ayiby,aysc =
ay;cy;bysbysalcysa = aysc &by,c = cy,b] =>
ay,ay,bysc = ayicy,bysa [by,a = ay,b & by;b = b] =
> ay,bysc = ayicy,aysb [bysa = ay;b&ayia = a] =>
ay,bysc = ay,ay;cysblcy,a = ay,c] => ay,bysc =
ay,cysb => ay,;byscysc = ay,cysby,c => ay,bysc =
ay,cysbysclcysc = c¢]. Hence S is left quasi-normal.

3.6 Theorem:-

An idempotent commutative I'-semigroup S is left
regular implies it is left and right normal, when it is normal.
Proof:-

Let S be a normal idempotent commutative I'-
semigroup. Assume that S is left regular, then ay,by,a =
ayb =>ay,by,aysc = ay,by,¢c => ayjay,bysc =
ayicyzb [by.a = ay,b&by,c = cy,b] => ay,by,c =
ay,cy,b [ay,a = a]. Therefore S is left normal.

Assume that S is left regular then,ay,by,a =
ay1b => ayiby,aysc = ay,by,c => ay,ay,bysc =
by,ay;c [by,a = ay,b&ay,b = by,qa] =>ay,bysc =
by,ay,c [ay;a = a]. Therefore S is right normal.

CONCLUSION:-

In this paper, it is proved that any left quasi-normal
idempotent commutative gamma semigroup is both left and
right semi-normal. Left regularity will be both left and right
normality. A left quasi normal idempotent commutative
gamma semigroup is both left and right semi-regular. A
semi-normal gamma semigroup is both left and right
semigroup, if it is a left semigroup.
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