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Abstract- Strong (G,D)-number of Graphs was introduced by Palani K and Santhaana Gomathi C. Let G be a (V,E) graph.
A dominating set is said to be a strong dominating set of G if it strongly dominates all the vertices of its complement.

A (G,D)-set D of G

is said to be a strong (G,D)-set of G if

it strongly dominates all the vertices of V-D. In this

paper, we find the strong (G,D)-number of product graphs of some standard graphs.

I. INTRODUCTION

“Graph Theory” is an important branch of Mathematics. It
has grown rapidly in recent times with a lot of
research activities. In 1958, domination was formulized
as a theoretical area in graph theory by C. Berge. He
referred to the domination number as the coefficient of
external stability and denoted as B(G). In 1962, Ore [6]
was the first to use the term ‘Domination’ number by
8(G) and also he introduced the concept of minimal
and minimum dominating set of vertices in graph. In
1977, Cockayne and Hedetniemi [5] introduced the
accepted notation y(G) to denote the domination
number. Let G = (V,E) be any graph. A dominating
set of a graph G is a set D of vertices of G such that
every vertex in V-D is adjacent to atleast one vertex in
D. The minimum cardinality among all dominating sets
of G is called the domination number of G. It is
denoted by y(G).The concept of geodominating (or
geodetic) set was introduced by Buckley and Harary in
[1] and Chartrand, Zhang and Harary in [2, 3, 4]. Let
u,vev (G). A u-v geodesic is a u-v path of length
d(u, v). A vertex x is said to lie on a u-v geodesic p
if x is any vertex on p. A set S of vertices of G is a
geodominating (or geodetic) set if every vertex of G
lies on an x-y geodesic for some x)y in S. The
minimum cardinality of geodominating set is the
geodomination (or geodetic) number of G. It is denoted
by g(G). K. Palani et.al[7,8,9] introduced the new
concept (G,D)- set of graphs. A (G,D)- set of graph G
is a subset S of  wvertices of G which is both
dominating and geodominating (or geodetic) set of G.
A (G,D)- set of G is said to be a minimal (G,D) set
of G if no proper subset of S is a (G,D)- set of G.
The minimum cardinality of all minimal (G,D)-set of G
is called the (G,D)- number of G. Itis denoted by
vG(G). In [10] C. SanthaanaGomathi, K. Palani and
S.Kalavathi initiated the study of strong (G,D)-number
of a graph. The product (Cartesian product) of two
graphs G_(1 )& G_(2 )denoted by G_1x G_2 has the

vertex set V_1x V_2and two vertices u=(u_(1 ,) u_2)
and v=(v_(1 ,) v_2) are adjacent in G 1x G (2 )
whenever [ul=vl and u2 is adjacent to v2 in G2] or
[u2 = v2 and ul is adjacent to vl in GI1].A strong
(G,D)-set is a (G,D)-set D which strongly dominate all
the vertices of V-D. K. Palani etal [11,12] investigate
the (G,D)- number of Middle and Inflated Graphs of
some standard graphs.
The following theorems are from [10]:
a. Theorem: sY G (P_n ) = 2+[(n-2)/3]
b. Theorem: sY G (C_n ) =[n/2]
c. Theorem: Any  strong (G,D)-set
contains all the extreme vertices of G.
In particular, all the end vertices of G.

11 STRONG (G, D) NUMBER OF PRODUCT

GRAPHS:
2.1 Theorem: sy; (K,UK,) = m + n
Proof: Let S;and S, be minimum strong (G, D) sets

of K, and K, respectively. Then, S1US, is a strong

(G, D) set of K,,, U K, Further, SIUS, ;s minimum strong

(G,D)set of K,U K,
Hence by 1.1,sy; (K, UK,) =m+n

2.2 THEOREM: Sy;(Knm +K,) =m+n

Proof: K, + K, isisomorphic toK,, .

Let G = K,+ K, Therfore, the set V(G) is the

unique (G,D) — Set of K, +K, which is also strong

dominating Therefore V(G) is the unique strong
(G,D) - set of G.
HencesyG (Km + Kn) = SYe (Km+n) =m+n

2.3 ILLUSTRATION: Syq(K; + K,) =7

Solution:

Here, m=3andn=4
Let G, & G,

respectively

be two complete graphs k; & k,
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o ke = a/i\h T E

sy (K3=3
syg (Ky) = 4

(G1+ G)= k4

Figure 2.1
Hence,syg (K5 + Ky) = syg (K344) =7
2.4 Theorem:
_( 2k+2if n=4k or 4k+1
sy (P2xPp) = {2k+3 if n=4k+2 or 4k +3
Proof:
Label the vertices of

Uy

(P,xP,) as in figure2.2

Up-z Up-1  Upn

et vz Vs Vs Vn—2 Vn-1 Vn

Figure: 2.2
To find the strong (G,D) number, we proceed in the
following cases.

Case 1: n=4k

LetS = {viu,} , S1 = {us, Ug, o Ua-1)42} S2 =
{vy, vg ool Vak-1)} Sz = {Unp-1}

Obviously SU S; US, U S; is a minimum strong (G, D)
setof (P, xP,)

S,S,,5,,8S; Have nocommon point

Also, |S| =2,15 =k, |S;|=k—1,|S3] =1
Hence syg (P2xPn) = [S]+ [S1]+ (52| + |S5]

=2k+2
case 2: n=4k+1

LetS = {vyun} , S = {uy, U, Usk-1)42} S2 =

(Vg v, Vs h

Here, ,SU S;US, is a minimum strong (G,D) set of
(P, x Py)

Also, |S|=2,]S; |7k, IS;] =k

sye (PoXCo)= [S|+ | Sql+ ISl +1 =2+ k+ k=2k+2

case 3: n=4k+2
Let S={v, u,} ,

Sy ={uz, us, - Usk-1)42} S2 =

{174_, ............ U4k}, 53 = {u4k+1}
Obviously, SU S;US,U S5 is minimum strong (G, D) set of
(PZ X Pn)

AISO, |S| =2 ’ | SII:kv |SZI = kl |S3| = 1

s¥e (P X Py)=IS| + [Sy] + [S2| + 1S3] = 2K +3

Case 4: n=4k+3

Let S . {vLun} , S1

(Vg eveeenennns Vart

Here ,SU S;US, is a minimum strong (G,D) set of
(PZ X Pn)

Also, |S|=2,]S; |=k+1, [S,] =k

sve (P2xCo)= [S[+] Sql+ S| = 2k+3

25 ILLUSTRATION:  syg (PyxPg)=6 =2k +2

={uy, Us,... Wyys2} S2=

Figure 2.3
Here k=2 S ={ w, , us , v1, vy
minimum strong (G,D) set.
Hence syg (PoxPg) = |S| =6 =2k+2

, Uy, Ug } IS a

2.6 ILLUSTRATION: syg (P.xPo)=6 =2k +2

u u I u,u uT s u], g
HEI’e k:2,s ={ U , Ug , vy, 'U4,’ » Vg, Ug } is @ minimum

Figure 2.4
strong (G,D) set.
Hencesyg (P2xPg) =

IS| =6 =2k+2

2.7 ILLUSTRATION:. sy(P2xPyo) =7=2k+3

uy Uy Uz ug usp

Figure 2.5
Here k=2,S ={ u, , ug , v1, vy , Vg UgUyp } IS @
minimum strong (G,D) set
Hence sy (P2xPy) = |S| =7 = 2k+3

2.8 ILLUSTRATIO:. sy¢(P.XP1y)

Ug U

=7 =2k+3

5

uy Uz

Figure 2.6
Here k=2,S ={ w, , ug , vy, vy , Vg Up Uiy } IS @
minimum strong (G,D) set.

Vg Vs Vig Vi

Hence sy (P2xPy)= |[S| =7=2k+3
2.9 Theorem: For all n>3
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2k if n =4k
2k+1if n=4k+1
2(k+1) if n=4k+2 or 4k +3

sy (PoxCp)=

Proof:
Label the vertices of P,xC, as in figure2.7

Up-1  Up

Figure: 2.7
To find the strong (G, D) number we proceed in the
following cases.

Case 1: n=4k

Let S= {ULU5, .......... ,U4(k.1)+1}
S,= {V3,V7, .......... ,V4(k.1)+3}

Obviously, S1US, is a minimum strong (G, D) set of
P, X C,

Also, | S;|= k , |S,| =k Further S; n S, =@

sy (PoXCp)= | Sq1+; [S;] =2k

Case 2: n=4k+1

Here, S1US, where S;={uj u5.......... Ukl )
And S,= {V3 W7, ,V4(k41)+3}

isa minimum strong (G,D) set and hence

s¥e (P2XCp)= | Sql+ [Sz| =k+1+k=2k+1

Case 3: n=4k+2

Let Slz {U11U5' .......... ,U4k+1}

S,= {V3,V7' .......... ,V4(k_1)+3}

Here , S;USU{Vy+.} IS @ minimum strong (G,D) set
Also, | S;|=k+1; |S;] =k

s¥e (P2xCp)= | Sql+ [Sz] + 1 =k+1+k+1=2(k+1)

case 4: n=4K+3
let Slz{U11U5Y .......... ,u4k+1}

Obviously, S1US, is minimum strong (G, D) set
Also, | S;|=k+1 ; |S,| =k+1

s¥e (P2xCo)= | S1[U [Sy]= | Sil+ [Sz|=k+1+k+1
:2(k+1)

2.10 ILLUSTRATION:
sy (P2xCg)=4

Ug Uz Ug

> I
b

Figure: 2.8

Here k=2 S ={ w; , us , v3, v,} is a minimum strong
(G,D) set.

Hence syg (P2xCg = [S| = 4 = 2K

2.11 ILLUSTRATION:

sYg (P2XCo) = 5

Figure: 2.9
here k=2 ,S ={ u; , us , ug
strong (G,D) set.

Hence syg (P2xCy) = |S| = 5 = 2k+1
2.12 ILLUSTRATION:
sYg (P2xCy) = 6

v3, vz} is a minimum

-

u uy u, ug ug U, T TR Y

b
@]

hy /
T N P2 Vs Vy Vs Vs v Vg Vs Ugp

Figure 2.10
here k=2 ,S ={ u; , us , Ug V3, VyVigy iS @ Minimum
strong (G,D) set.
Hence syg (P2XCy) = |S| = 6=2(k+1)

2.13 ILLUSTRATION:
sys(P2xCyy) =6
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Figure: 2.11
Here k=2 S ={ w; , us U, vz, vyVi3 iS @ minimum
strong (G,D) set.
Hence syg (P.xCg)= |S| = 6= 2(k+1)

2.14 THEOREM:

sYe (KymXPp)=m+n-1

Proof:

Label the vertices of K1, mxP,as in figure 2.12

() (vu,) (vu5) (w0

) ()

(on, ) (o 1

U T —— e

i wpu) Whug) | (v, ug) im0} (v

: i VAV A— ‘

B R S B O, B RO Crtin-) (it
Figure 2.12

let V(Kim) = {V,\Vi,Vo,V3oevnnnnnn. Vmp and

V(Pn): {Ul,Uz,U3, ......... U.n}

Obviously, the set S = {(v,u), (Wju,) [ I<i < n-l,

1< j <m};

Strong dominates all the vertices of KimXPn . Further,
every vertex of V(KynxP, —S) of the form (v,u}) and
(vi,u)) for I = 1 to n lie in the geodesic joining (v,u;)
and (VyUp).

Also, any element of V(K ,xP, -S) of the form
(Vieu;)) for i= 1 to n lie in the geodesic joining (Vv,u;)
and (vgu,) for k=2 to m.

~ Sisstrong (G, D) set of (Ky mXxPy)

sYe (KimXPp)< IS|=m+n-1 ............ (1)

Also, no set of less than |S| elements is a strong (G,
D) set of (KymXxPy)

s¥e (KymXPp)> [S|=m+n-1.............. )
From (1) and 2),
we get,

sYe (K mXPp)= |S|=m+n-1

2.15 ILLUSTRATION:
5Y(K14XPs)= |S| =m+n-1

Proof:
kiaXps
(ug, 1) (ug,v2) (g, v3) (g, vg) (g, v5)
Figure 2.13
The S= {

(w1 v1), (uy, v2), (g, v3), (Ug, v4), (U, vs), (us, vs),
(ug, v5), (us, vs)}

5¥6 (K14XPs)= |S|=8=m+n-1
REFERENCES

[1] Buckley F, Harary F and Quintas V L, Extremal
results on the geodetic number of a
graph, Scientia, volume A2 (1988), 17-26.

[2] Chartrand G, Harary F and Zhang P, Geodetic sets
in graphs, DiscussionesMathematicae Graph theory, 20
(2000), 129-138e.

[3] Chartrand G, Harary F and Zhang P, On the
Geodetic number of a graph, Networks, Volume 39(1)
(2002), 1-6.

[4] Chartrand G, Zhang P and Harary F, Extremal

problems in Geodetic graph Theory,
CongressusNumerantium 131 (1998), 55-66.
[5] TW. Haynes, S.T. Hedetniemi and P.J. Slater,

Fundamentals Of Domination in graphs, Marcel Decker,
Inc., New York 1998.

[6] Ore .O Theory of Graphs, American Mathematical
Society Colloquium  Publication 38 (American
Mathematical Society Providence RI) 1962.

All Rights Reserved © 2018 IJSEM 693



‘ﬁ' [FERP ISSN (Online) 2456 -1304

connecting engineers... developing researc h

International Journal of Science, Engineering and Management (1JSEM)
Vol 3, Issue 4, April 2018

[7] Palani .K and Kalavathi. S, (G,D) — Number of some
special graphs, International Journal Of Engineering and
Mathematical ~Sciences January-June 2014, Volume
5,Issue-1, pp.7-15I1SSN(Print) — 2319 — 4537, (Online)
— 2319 — 4545,

[8] Palani. K and Nagarajan. A (G,D) — number of
graphs,International ~ Journal ~Of  Engineering and
Mathematics Research. ISSN 0976 — 5840 Volume
3(2011), pp 285 -299.

[9] Palani. K, Nagarajan. A and Mahadevan. G, Results
connecting domination, geodetic and (G,D)- number of
graph, International Journal Of Combinatorial graph
theory and applications, Volume 3, No.l, January -
June (2010)(pp.51 -59).

[10] C. SanthaanaGomathi, Palani K and Kalavathi S,
Strong (G,D)-Number of a graph — communicated.

[11] M. Mahalakshmi, A. Sony and K. Palani, Strong (G,
D)-Number of Middle graphs -communicated.

[12] G.Susi vinnarasi, V. Selvalakshmi and K. Palani,
Strong (G, D)-Number of Inflated graphs

All Rights Reserved © 2018 IJSEM 694



