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Abstract:-(G D) – number of a graph was introduced by Palani. K and Nagarajan. A. Let G be a (V, E) graph. A subset D of V (G) 

is said to be a (G, D)- set of G if it is both a dominating and a geodetic set of G. A dominating set is said to be a strong dominating 

set of G if it strongly dominates all the vertices of G. In this paper, we introduce the concept Strong (G,D)- number of a graph and 

find the same for some standard graphs and its bounds. 

 

I. INTRODUCTION 

 

“Graph Theory” is an important branch of   Mathematics. It 

has grown rapidly in recent times with a lot of research 

activities. In 1958, dominate on was formulized as a 

theoretical area in graph theory by C. Berge. He referred to 

the domination number as the coefficient of external 

stability and denoted as β(G). In 1962, Ore [6] was the first 

to use the term „Domination‟ number by δ(G) and also he 

introduced the concept of minimal and minimum 

dominating set of vertices in graph. In 1977, Cockayne and 

Hedetniemi [5] introduced the accepted notation γ(G) to 

denote the domination number. Let G = (V, E) be any graph. 

A dominating set of a graph G is a set D of vertices of G 

such that every vertex in V-D is adjacent to atleast one 

vertex in D. The minimum cardinality among all dominating 

sets of G is called the domination number of G. It is denoted 

by γ(G). The concept of geodominating   (or geodetic) set 

was introduced by Buckley and Harary in [1] and Chartrand, 

Zhang and Harary in [2, 3, 4].  Let u, v ∈V(G).  A u-v 

geodesic is a u-v path of length d (u, v). A vertex x is said to 

lie on a u-v geodesic p if x is any vertex on p. A set S of 

vertices of G is a geodominating (or geodetic) set if every 

vertex of G lies on an x-y geodesic for some x ,y in S. The 

minimum cardinality of geodominating set is the 

geodomination (or geodetic) number of G. It is denoted by 

g(G). K. Palani et.al [7,8,9] introduced the new concept 

(G,D)- set of graphs. A (G, D)- set of graph G is a subset S 

of  vertices of G which is both dominating and 

geodominating (or geodetic) set of G. A (G,D)- set of G is 

said to bea minimal (G,D) set of G if no proper subset of S 

is a (G,D)- set of G. The minimum cardinality of all 

minimal (G, D)-set of G is called the (G,D)- number of G. It 

is denoted by γG(G).  Strong domination number was 

introduced by Sampathkumar and PushpaLatha [10]. A 

strong dominating set of a graph G is a set D⊆V(G) with the 

property that for all vertices x 𝜖 V(G)-D there is a vertex y 𝜖 

N(x) in D with d(x) ≤ d(y) (i.e) every vertex not in D is 

dominated by a vertex in D having atleast the same degree. 

In this case we say that y strongly dominates x. The strong 

domination number γst (G) of a graph G is defined as the 

minimum cardinality of a strong dominating set of G. A 1-

factor denoted by 1F is a regular spanning subgraph of 

degree 1.The generalized Hojos graph, denoted by [Kn] is a 

graph having n + nC2 vertices formed by joining each pair 

of vertices of Kn to vertex not in Kn.  In this paper, we 

introduce the new concept strong (G, D)- number of a graph 

and proceed to find its bounds. Further, the strong (G,D)-

number of some graphs are found. 

 The following results are from [7], [8] and [9]. 

 1.1 Remark: Any (G,D)- set of G contains all its extreme 

vertices. In particular any (G,D)- set contains all its end 

vertices. 

1.2 Theorem: γG(Pn) = 2+ 𝐧−𝟒

𝟑
 . 

1.3 Theorem: γG(Cn) =  𝐧
𝟑
  

1.4 Theorem:γG(Kn) = n 

II Main Results. 

2.1 Definition: 

              A subset D of V(G) is said to be a (G,D)-set of G if 

it is both a dominating and geodetic set of G. A (G, D) set D 

is said to be a strong (G,D) set of G if for every vertex v 𝜖 

V-D, there exists a vertex, u 𝜖 D such that d(u) ≥ d(v). The 

minimum cardinality of a strong (G, D)- set is called the 

strong (G,D)- number of G and is denoted by sγG(G). 

2.2 Observation : 

1) Since any strong (G,D)- set is a (G,D)-set, by 1.1, 

any strong (G,D)-set contains all the extreme 

vertices of G. 

2) 𝛾𝐺(𝐺) ≤ 𝑠𝛾𝐺(𝐺). 
3) In a regular graph G, all the vertices are of same 

degree. Therefore, any (G,D)- set is also a strong 

(G,D)- set. 

Therefore sγG(G) = γG(G) if G is regular. 

4) By 3, sγG(Kn) = γG(Kn) = n 

sγG(Cn)  =  γG(Cn) =  𝐧
𝟑
  

2.3 Example: Consider the following graph G in figure 2.1 
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Figure 2.1: 

 Since u2, u3, u4, t1, t2 are extreme vertices by observation 2.2 

{u2, u3,u4, t1, t2 } is contained in any strong (G,D)- set of G. 

Also, {u2, u3, u4, t1, t2 }---- (1) is a (G,D) set. But it is not a 

strong (G,D)- set. Since u1, v1, v2 are not strong dominated 

by these vertices. Now to strong dominate u1, v1, v2 add u1 to 

(1). 

Therefore, D= {u1, u2, u3, u4, t1, t2 } is a strong (G,D)-set of G. 

Further, it is a minimum strong (G,D)- set of G.         Hence, 

𝑠𝛾𝐺= 6. 

2.4 Example: 
Consider the Peterson graph in figure 2.2

 
Figure  2.2 : 

It is a 3-regular graph. Therefore, by 2.2, any (G,D)-set is a 

strong (G,D)-set. Since d(u, v) ≤ 2 and between any two 

points there exists a unique u-v path of shortest length, we 

need a minimum of 3 from each of the 2 cycles in G  to get a 

strong (G,D)- set. Therefore, 𝑠𝛾𝐺(𝐺) ≥ 6. 
 Also, {u1,u2, u4, v1,v2, v4} is a strong (G,D)- set with 6 

elements. Therefore, 𝑠𝛾𝐺(𝐺) ≤ 6. 

Hence,  𝑠𝛾𝐺 𝐺 = 6. 
2.5 Theorem : 

 If G1 and G2 are two graphs, then 𝑠𝛾𝐺(𝐺1⋃ G2) =𝑠𝛾𝐺(𝐺1)  

+𝑠𝛾𝐺(𝐺2). 

Proof:   Let G1= (V1, E1) and G2 = (V2, E2) be two graphs 

with V1 ∩ V2=∅. 

Let S1, S2 be minimum strong  (G,D)- sets of G1, G2 

respectively. Since S1⋃ S2 is a strong (G,D)-set of G1 ⋃ G2. 

 Therefore, 𝑠𝛾𝐺(𝐺1 ⋃ G2) ≤ ⃓S1⃓ + ⃓S2 ⃓ 

                                         ≤ 𝑠𝛾𝐺(𝐺1)  +𝑠𝛾𝐺(𝐺2). 

Also, if D is a minimum strong (G,D)-set of G1 U G2, then 

obviously D= D1 U D2 where Di is a strong  (G,D)-set of Gi 

for i=1,2. 

Since 𝑠𝛾𝐺(𝐺1) ≤ ⃓D1⃓  and𝑠𝛾𝐺(𝐺2) ≤⃓ D2⃓, 

𝑠𝛾𝐺(𝐺1)  + 𝑠𝛾𝐺(𝐺2) ≤ ⃓ D1⃓ + ⃓ D2⃓ 

                                  = ⃓D⃓ 

                                  = 𝑠𝛾𝐺(𝐺1⋃G2)  -(2) 

By (1) & (2),  

𝑠𝛾𝐺(𝐺1⋃ G2) =  𝑠𝛾𝐺(𝐺1) + 𝑠𝛾𝐺(G2) 

2.6 Remark: 

In general  𝑠𝛾𝐺(𝐺1+G2) need not be equal to   𝑠𝛾𝐺(𝐺1) +  

𝑠𝛾𝐺(G2) . For example, consider the following graphs in 

figure. 

Figure 2.3 

Here, s𝛾𝐺(G1) = 3 

s𝛾𝐺(G2) = 3 

s𝛾𝐺(G1 + G2) = 4 ≠  s𝛾𝐺(G1) +  s𝛾𝐺(G2) 

 2.7 Theorem: 

s𝛾𝐺(𝑃n)=2 +  𝑛−2

3
   for  n ≥ 2 

Proof: 

Let n ≥ 2 and Pn= (v1, v2……  vn).  

By observation 2.2, { v1vn} ⊆ any strong (G,D) set of Pn. 

Let S1= {v1,vn}. 

Obviously, S1 along  with  any dominating   set  of    < V ( 

Pn) – {v1, vn}>  gives a strong (G,D) set of  Pn. 

Let S2 be a minimum dominating set of                      < V ( 

Pn) – {v1, vn}> 

 Clearly,  S1⋃S2  is a minimum strong (G,D) set of Pn and < 

V ( Pn) – {v1, vn}>  = Pn-2. 

Therefore, 𝑠𝛾𝐺(𝑃n)  =∣ S1 ⋃S2∣ 
                                  ≤ ∣ S1∣ ⋃∣S2∣ (since S1∩ S2 = ∅) 

                                  = 2 +   γ(𝑃n-2) 

                                  = 2 +   𝑛−2

3
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2.8 Illustration: 

Consider P13 

S = { 𝑣1 ,𝑣3,𝑣6,𝑣9,𝑣12,𝑣13  } is a minimum strong (G,D) set of 

P13 and so 𝑠𝛾𝐺  (P13) = ∣S∣ =6=2 +  11

3
  

2.9 Theorem: 

𝑠𝛾G(Km,n)=  

 

2 𝑖𝑓𝑚 = 𝑛 = 1 𝑜𝑟 3 𝑖𝑓 𝑚 = 1, 𝑛 = 2𝑜𝑟 𝑚 = 2, 𝑛 = 1 
  4 𝑖𝑓𝑚 > 2,𝑛 > 2 𝑎𝑛𝑑𝑚 = 𝑛

𝑚 + 2 𝑖𝑓 𝑚, 𝑛 > 2 𝑎𝑛𝑑𝑛 > 𝑚𝑜𝑟
𝑛 + 2 𝑖𝑓 𝑚, 𝑛 > 2 𝑎𝑛𝑑𝑚 > 𝑛

  

Proof: 

 
Figure 2.4 

V (Km, n) =V1⋃ V2 where V1={u1, u2,…..um} and V2 ={v1, 

v2……  vn} is the bipartition of V  

Case 1:Let  m ; n ≤  2 

Subcase 1a:   m=1, n=1 

In this case, Km , n≃ P2 

Hence 𝑠𝛾G (Km,n)= 𝑠𝛾𝐺  (P2)=2 

Subcase 1b: m = 1, n = 2 (or  m = 2, n = 1) 

Here, {u1, v1, v2,} ( or {v1, u1, u2} forms a minimum strong 

(G,D) set of Km, n. 

Hence, 𝑠𝛾𝐺(Km ,n) =32 

Case 2: m >2 , n > 2 and m = n 

In this case Km, n is regular. 

Hence by observation 2.2,(2), 

𝑠𝛾G (Km  ,n) = 𝛾𝐺  (Km ,n) =4 

Case 3: m >2 , n > 2 and m ≠ n 

Since m ≠ n, either m < n or n < m 

W.L.O.G assume m < n 

Obviously, S = {vi ,vj, uk,  ul/, j ≤ m, 1 ≤ k, l ≤ n} 

forms a minimum (G,D) –set. But, the vertices {u1, u2, 

…….ui-1, ui+1,……uj-1, uj+1, ……..um } are not strong 

dominated by S. Further,  the vertices of V1 not adjacent to 

any vertex of degree greater than or equal to the degree of  

itself.  

Hence, to strong dominate those vertices, any strong (G, D) 

must contain all the vertices of V1. 

Therefore, V1⋃ {vi, vj} form a minimum strong       (G, D)-

set of Km  ,n for all i, j such that i ≠ j and 1 ≤ i,   j ≤ n 

Hence, 𝑠𝛾𝐺(Km, n) = ∣V1∣ + 2 

                               = m + 2 

Case 4: m >2 , n > 2 and m > n 

The result follows the same lines of case 3.. 

2.10 Illustration: 
Consider K 6 ,7graph. 

 
Figure 2.5 

Here, {u1, u2, u3, u4, u5, u6, v1, v5} is one of the minimum (G, 

D)set of G and so  𝛾𝐺(𝐺) = 6+2 = 8. 

2.11 Theorem: 

Let G = (V, E) be any graph. S1 be the set of extreme 

vertices of G and S2, the set of all vertices of G with degree 

= △.  Let S3 denote the set of all isolated vertices of the 

subgraph induced by S2.  Then, 𝑠𝛾𝐺 𝐺 ≥  ∣S1⋃ S3∣. 
Proof: 

By observation 2.2, S1 is a subset of any strong (G,D) set of 

G. Any vertex of degree △ can be strong dominated only by   

itself or any other vertex of same degree.   

Therefore, if any vertex v of S2 is an isolated vertex of <S2>, 

then obviously v belongs to every strong (G, D)-set.  

Therefore, S1 ⋃ S3 is a subset of any minimum strong (G.D) 

set also. 

Here, ∣S1⋃ S3∣ ≤  𝑠𝛾𝐺(𝐺) . 

2.12 Illustration: 

 
Figure 2.6 
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Here S = {u1, u2, u3, v1, v2, v3, w} is a (G, D)-set but not 

strong dominating. Since u and v are not strong dominated 

by any vertex of S. 

Since u and v are vertex of degree △ which are non-

adjacent, {u, v} ⊆ any strong (G ,D) set . 

Here S∣ = {u1, u2, u3, v1, v2, v3,u, v } is a minimum strong 

(G,D) set of G. 

Hence, 𝑠𝛾𝐺(𝐺) =∣ S∣∣ = 8. 

2.13 Theorem: 

𝑠𝛾𝐺(𝐾n,n -1F) = 4. 

Proof:

 
Figure 2.7 

𝐾n, n -1F is a bipartite graph with bipartition V1, V2 such that 

∣V1∣ =∣V2∣ = n. 

Hence  K n ,n is a  regular graph of degree n-1 {ui, uj/ 1 ≤ i , j 

≤ n} ⋃ { vi, vj / 1 ≤ i , j ≤ n} is a minimum (G,D) set. 

Further, K m ,n –F is a regular. Hence every (G ,D)-set is also 

a strong (G,D) set.   

Hence   𝑠𝛾𝐺(𝐾n,n -1F) = 4. 

2.14 Theorem:  

Let [Kn] represent the generalized Hajos graph. Then, 

𝒔𝜸𝑮([𝑲n]) = 𝒏
𝟐
 +  𝟏. 

Proof:  

Label the vertices [ Kn] as follows: 

Let v1, v2,…… vn represent the vertices of K n and vi, j 

represent the vertex of ( V( [K n] ) -  V( K n)) which is  

adjacent to vi and vj of Kn. 

It is observed that any geodesic connecting two vertices of 

Kn or two vertices outside Kn or one vertex of Kn and one 

vertex outside Kn  contain only the vertices of Kn as internal 

vertices. Therefore, to get a geodetic covering we need to 

have all the outer vertices. But it is not strong dominating 

since the vertex in Knare of degree △. Therefore the  𝑛
2
  

outer vertices together with one vertex of ofKn forms a 

minimum strong (G, D)-set of [K n ]. 

Hence, 𝑠𝛾𝐺([𝐾n]) = 
𝑛
2
 +  1 

 

 

2.15 Illustration: 

 
 [K4] =  4

2
 +  1 = 7 

Here S={vi,j / 1 ≤ i , j ≤ 4 and i ≠ j} is the set of vertices of 

K4.. S⋃{ vi} is a minimum strong (G,D)- set of [K4] for 

every i=1 to n4. 

Hence, [K4] = ∣S∣+ 1 = 7. 
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