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Abstract:-- A numerical solution is obtained for the unsteady dusty flow between two parallel plates. The flow is investigated for 

two cases. In case-1, the lower plate is executing simple harmonic oscillations in its own plane and upper plate is fixed and in case-

2, both the plates are vibrating with same amplitude and frequency. Expressions for velocity profiles and skin friction are found for 

the above cases. Graphs are shown and the results are discussed taking into account the effect of Casson and other parameters. 

 

 

1. INTRODUCTION 

 

NPs flow has become a subject of an immense interest 

because of its diverse applications. NPs have large surface 

area and nano scale size, their properties depend on size, 

shape and structures and has commercial usage (in 

manufacture of scratch proof glasses, self clearing windows, 

crack  resistant  paints, anti graffiti coatings for wall, 

transparent sunscreen, stain repellant fabrics), medical 

applications (anti microbial application, bio sensing, imaging, 

drug delivery, hyperthermic treatment for malignant cells), 

environment applications (bio remediation of diverse 

contaminants, water treatment and production of clean 

energy) and has applications in food science and industrial 

production. Mujumdar and Minco (2019) investigated the 

nano carrier based systems for targeted and specific 

therapeutic delivery. Hussain et al. (2019) examined dusty 

casson nano fluid with thermal radiation and found that heat 

of nano fluid increases with radiation parameter. Hussain  et 

al. (2018) studied the time dependent MHD radiative flow 

and heat transfer of dusty casson  nano fluid and concluded 

that radiation parameter rise the temperature profile of dusty 

nano fluid. Narender et al. (2018) highlighted the radiation 

effect on magnetic stagnation point flow of nano fluid and 

deduced that heat transfer enhances with radiation parameter. 

 

Fluid flow under the influence of magnetic field and heat 

transfer takes place in magneto-hydrodynamics, accelerators, 

pumps and generators. Abbas et al. (2019) found slip effects 

on magnetic dusty flow by analytical pertubation method as 

well as numerical tool of Runge-Kutta method of order four, 

the outcomes are in total agreement. Ali et al. (2019) 

considered the flow of dust particles and memory fluid, 

found that the velocities of dust and fluid phase using finite 

deference method and concluded that viscosity ratio is  

 

accountable for higher velocity of dust phase.  Ismail et al. 

(2018) obtained the solution of unsteady magnetic dusty flow 

between the parallel plates and ascertained that dust particles 

have higher velocity than fluid. Sasikala et al. (2018) 

analyzed the Stokes dusty flow in porous medium and shown 

that magnetic parameter suppresses the velocity profiles of 

fluid and dust particles. Selvi and Srinivas (2018) examined 

the oscillatory flow of a Casson fluid in an elastic tube with 

variable cross-section. Jalil et al. (2017) obtained the exact 

solution of boundary layer dusty flow using suitable 

similarity transformations. Kumar and Srinivas (2017) 

studied the simultaneous effects of thermal radiation and 

chemical reaction on hydrodynamic pulsatile flow of a 

Casson fluid in porous space. Imran et al. (2016) presented 

the effects of slip on free convection flow of Casson fluid 

over an oscillating porous plate and found that slip subsided 

the velocity field. Khalid et al. (2015) discussed the time 

dependent magnetic convective Casson flow past oscillating 

vertical plate in porous medium and exact solution is 

obtained for velocity and energy field using Laplace 

technique. Pramanik (2014) highlighted Casson fluid flow 

and heat transfer past an exponentially porous stretching 

surface in presence of thermal radiation.  

 

 

Dusty fluid flow has applications like waste water treatment, 

power plant piping, combustion, petroleum transport and 

flow meters. Singh et al. (2017) discussed unsteady free 

convective oscillatory flow of variable permeability and 

depicted that permeability parameter mitigates the mean 

velocity profiles. Vidhya et al. (2017) presented free 

convective and oscillatory flow of dusty fluid through porous 

medium and demonstrated that dust particles influence the 

velocity of fluid compared to clean fluid profiles. Prasuna 

and Sushma (2015) explored the second order fluid flow in 
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porous media between two oscillating parallel plates and 

concluded that the coefficient of porosity is to diminish 

velocity profiles up to the middle of channel, thereafter 

velocity shoots up. Now aim is to study dusty oscillatory 

memory flow between parallel plates, whose constitutive 

equation is given by Casson. 

 

The rheological equation of state for an isotropic and 

incompressible Casson fluid flow (1959) is  

 

𝜏𝑖𝑗 = 2 (𝜇𝐵 +
𝑝𝑦

√2𝜋
) 𝑒𝑖𝑗 , 𝜋 > 𝜋𝑐 

= 2 (𝜇𝐵 +
𝑝𝑦

√2𝜋𝑐

) 𝑒𝑖𝑗 , 𝜋 < 𝜋𝑐 

 

Here, 𝜏𝑖𝑗 is the (i,j)-th component of the stress tensor, 𝜋 =

𝑒𝑖𝑗𝑒𝑖𝑗and 𝑒𝑖𝑗 are the (i,j)-th component of the deformation 

rate, 𝜋 is the product of the component of deformation rate 

with itself, 𝜋𝑐is a critical value of this product based on the 

non-Newtonian model, 𝜇𝐵  is plastic dynamic viscosity of the 

non-Newtonian fluid, and 𝑝𝑦 is the yield stress of the fluid. 

So, if a shear stress less than the yield stress are applied to 

the fluid, it behaves like a solid, whereas if a shear stress 

greater than yield stress is applied, it starts to move. 

Let the fluid motion be along the lower plate, that is x-axis 

direction and y-axis is orthogonal to it. Let u,v,w be the 

velocity components for the study, take v=0 and w=0 and the 

variations in u are with respect to y and t is only considered. 

An instant velocity for the present study is u = Re (u0 e- iωt), 

where ‘Re’ signifies real part and we omit ‘Re’ and take real 

part of the final outcome. 

Case-1: Upper plate is fixed and lower plate is performing 

simple harmonic oscillations in its own plane. Here velocity 

u is a function of y and t, the equation of momentum in 

absence of body forces is  

                          
𝜕𝑢

𝜕𝑡

= 𝜗 (1 +
1

𝛼
)

𝜕2𝑢

𝜕𝑦2
−

𝜗𝑢

𝑘
  

+ 
𝐾𝑁(𝑣𝑝 − 𝑢)

𝜌
                                                  (1) 

                                                        
𝜕𝑣𝑝

𝜕𝑡

=
𝐾

𝑚
 ( 𝑢 − 𝑣𝑝)                                                                      (2)  

                                                             
𝜕𝑢

𝜕𝑥
= 0                                                                                      (3) 

Boundary conditions are 
    𝑢(0, 𝑡) = 𝑢0𝑒−𝑖𝜔𝑡  , 𝑢(2𝑦0, 𝑡) = 0                               (4) 

Introducing dimensionless quantities 

𝑢̅ =
𝑢

𝑢0

 , 𝑦̅ =
𝑦

𝑦0

 , 𝑡̅ =
𝑡𝜗

𝑦0
2  , 𝑘̅ =

𝑘

𝑦0
2,   

   𝑣𝑝̅̅ ̅ =
𝑦0𝑣𝑝

𝜗
,   𝜏 =

𝑚𝜗

𝐾𝑦0
2    , 𝜔̅ =

𝜔𝑦0
2

𝜗
                          (5) 

Using (5) into (1) and (2), we get 

      
𝜕𝑢

𝜕𝑡
= (1 +

1

𝛼
)

𝜕2𝑢

𝜕𝑦2
− (

𝑙

𝜏
+

1

𝑘
) +

𝑙𝑣𝑝

𝜏
                                (6) 

𝜏 
𝜕𝑣𝑝

𝜕𝑡
= (𝑢 − 𝑣𝑝)                                                                      (7) 

Eliminating 𝑣𝑝 from equation (6) using equation (7), we get 

   
𝜕2𝑢

𝜕𝑡2
= (1 +

1

𝛼
)

𝜕3𝑢

𝜕𝑡𝜕𝑦2
+

1

𝜏
(1 +

1

𝛼
)

𝜕2𝑢

𝜕𝑦2
− (

𝑙 + 1

𝜏
+

1

𝑘
)

𝜕𝑢

𝜕𝑡

−
𝑢

𝜏𝑘
                                                            (8) 

Where 

K– stock’s coefficient of resistance (6πaμ) for spherical dust 

particles  

a – average radius of dust particle 

µ – viscosity of the fluid 

u- velocity of fluid  

 𝑣𝑝- velocity of dust particle 

l– mN / ρ mass concentration of dust particle 

ρ – density of fluid 

m –average mass of dust particle 

N – number of dust particle per unit volume 

τ – m/K relaxation time  

𝜔 - frequency parameter 

𝜗 – kinematic viscosity  

k –permeability parameter 

yo –characteristic length 

𝛼 - Casson’s parameter and  

2𝑦0-  the clearance distance between the plates 

 

The dimensionless boundary conditions are 

  𝑢(0, 𝑡) = 𝑒−𝑖𝜔𝑡   ,   𝑢(2, 𝑡) = 0                             (9) 

Let 

    𝑢 = 𝑓(𝑦)𝑒−𝑖𝜔𝑡                                                     (10) 

be the supposed solution of (8), then equation (6) give rise to  

𝑓′′(𝑦) + 𝑚𝑓(𝑦) = 0                                            (11) 

 

Using (9) and (10), we get 

    𝑓(0) = 1 𝑎𝑛𝑑  𝑓(2) = 0                                        (12) 

 

 Where                            𝑚 =
𝛼

1+𝛼
(𝑎2 +

𝑖𝑏2)                                                               (13) 

The numerical solution of ordinary differential equation (11) 

subject to boundary conditions (12) using Galerkin technique 

of finite element analysis is 
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     𝑓(𝑦) =
1

2
(2 − 𝑦) + (𝐴 + 𝑖𝐵)(𝑦2 − 2𝑦)                   (14) 

The equations (14) and (10) give rise to real part of fluid 

velocity profile as 

 𝑢1(𝑦) =
1

2
(2 − 𝑦) 𝑐𝑜𝑠𝜔𝑡 + (𝑦2 − 2𝑦)( 𝐴𝑐𝑜𝑠𝜔𝑡

+ 𝐵 𝑠𝑖𝑛𝜔𝑡 )         (15) 

Skin friction of fluid is  

   𝑆𝑓1 = (
𝜕𝑢1

𝜕𝑦
)

𝑦=0

=  −
1

2
  𝑐𝑜𝑠𝜔𝑡 − 2 ( 𝐴 𝑐𝑜𝑠𝜔𝑡 + 𝐵 𝑠𝑖𝑛𝜔𝑡 )    (16) 

Equation (6) yields dust velocity  

    𝑣𝑝1
=

𝜏

𝑙
[{𝐵 (

𝑙

𝜏
+

1

𝑘
) (𝑦2 − 2𝑦) − 2𝐵 − 𝐴𝜔(𝑦2 − 2𝑦)

−
𝜔

2
(2 − 𝑦) } 𝑠𝑖𝑛𝜔𝑡

+ {𝐵𝜔(𝑦2 − 2𝑦) − 2𝐴

+ (
𝑙

𝜏
+

1

𝑘
) { 𝐴(𝑦2 − 2𝑦)

+
1

2
(2 − 𝑦)}} 𝑐𝑜𝑠𝜔𝑡]            (17) 

 

Skin friction in dust case is 

 𝑆𝑓2 = (
𝜕𝑣𝑝1

𝜕𝑦
)

𝑦=0

=
𝜏

𝑙
[{

𝜔

2
+ 2𝐴𝜔 − 2𝐵 (

𝑙

𝜏
+

1

𝑘
) } 𝑠𝑖𝑛𝜔𝑡

+ {−2𝐵𝜔 + (
𝑙

𝜏
+

1

𝑘
) (−

1

2

− 2𝐴)} 𝑐𝑜𝑠𝜔𝑡]          (18) 

 

Case-2: When two plates vibrate with same amplitude and 

frequency, boundary conditions are  

    𝑢(0, 𝑡) = 𝑢0𝑒−𝑖𝜔𝑡  ,    𝑢(2𝑦0, 𝑡) = 𝑢0𝑒−𝑖𝜔𝑡             [(19) 

 

The dimensionless boundary conditions are 

[  𝑢(0, 𝑡) = 𝑒−𝑖𝜔𝑡  ,      𝑢(2, 𝑡) = 𝑒−𝑖𝜔𝑡                         (20) 

 

Let     𝑢 = 𝑔(𝑦)𝑒−𝑖𝜔𝑡                                                           (21) 

be the solution and  proceeding in similar way, we get  

  𝑔′′(𝑦) + 𝑚𝑔(𝑦) = 0                                               (22) 

Where m is given by (13) 

Using (20) and (21), we get 

  𝑔(0) = 1 𝑎𝑛𝑑 𝑔(2) = 1                                    (23) 

The numerical solution of ordinary differential equation (22) 

subject to boundary conditions (23) using Galerkin technique 

of finite element analysis is 

 

        𝑔(𝑦) = 1 + (𝐶 + 𝑖𝐷)(𝑦2 − 2𝑦)                       (24) 

 

The equations (24) and (21) give rise to real part of fluid 

velocity profile as 

 
 𝑢2(𝑦) = {1 + 𝐶𝛼(𝑦2 − 2𝑦)}𝑐𝑜𝑠𝜔𝑡 + 𝐷𝛼(𝑦2 − 2𝑦)𝑠𝑖𝑛𝜔𝑡   (25) 

 

Skin friction fluid is given by 

     𝑆𝑓3 =  (
𝜕𝑢2

𝜕𝑦
)

𝑦=0

=  −2𝐶𝛼𝑐𝑜𝑠𝜔𝑡 − 2𝐷𝛼𝑠𝑖𝑛𝜔𝑡            (26) 

Equation (6) yields dust velocity  

𝑣𝑝2
=

𝜏

𝑙
[{𝐷𝛼 (

𝑙

𝜏
+

1

𝑘
) (𝑦2 − 2𝑦) − 2𝐷𝛼

− 𝜔{ 𝐶𝛼(𝑦2 − 2𝑦) + 1}} 𝑠𝑖𝑛𝜔𝑡

+ {𝐷𝛼𝜔(𝑦2 − 2𝑦) − 2𝐶𝛼

+ (
𝑙

𝜏
+

1

𝑘
) { 𝐶𝛼(𝑦2 − 2𝑦)

+ 1}} 𝑐𝑜𝑠𝜔𝑡]                                           (27) 

 

Skin friction in dust case is 

 𝑆𝑓4 = (
𝜕𝑣𝑝2

𝜕𝑦
)

𝑦=0

=
𝜏

𝑙
[{2𝐶𝛼𝜔 − 2𝐷𝛼 (

𝑙

𝜏
+

1

𝑘
) } 𝑠𝑖𝑛𝜔𝑡

+ {−2𝐷𝛼𝜔

− 2𝐶𝛼 (
𝑙

𝜏
+

1

𝑘
)} 𝑐𝑜𝑠𝜔𝑡]                                                 (28) 

 

 

Results and Discussions: 

1. Fluid velocity, dust velocity, related shear stresses at lower 

plate reduce for higher values of Casson parameter ′𝛼′ and 

for more than half the distance trend reverses for skin 

friction, refer figures (5) to (8). 

2.  Fluid velocity, fluid skin friction and dust shearing stress 

increase for higher values of permeability parameter ‘k’ and 

trend changes for skin friction in the neighborhood of upper 

plate as before. There is sudden decrease of velocity for 

lower values of permeability parameter and gradual reduction 

is noted for higher value of permeability parameter in case-1, 

on the whole, permeability parameter subsides dusty flow, 

refer figures (2) & (4). 

3. The concentration ‘l’ enhances fluid flow and increases 

fluid skin friction in case-1and diminishes the same in case-2. 
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As concentration increases, dusty velocity decrease attributed 

to increased number of dust particles and dusty skin friction 

rises. 
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4. The relaxation parameter ′𝜏 ′ slightly decreases the fluid 

velocity and has insignificant effect on fluid skin friction. 

The time relaxation parameter influences dusty velocity is 

due to increased time of perturbed state to equilibrium state 

of dust particles. 

5. The frequency parameter ′𝜔′ shoots up velocity in case-1 

and suppresses the same in case-2 figures (1) & (3). The 

frequency parameter promotes dust velocity, fluid skin 

friction and dust skin friction. 
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Constants 

 

𝑎∗ = −1 + 𝜏𝑘𝜔2,    𝑏 = 𝜔{𝑘(1 + 𝑙) + 𝜏},     𝑎0

= 𝑘(1 + 𝜔2𝜏2) ,   𝑎1 = 𝑎∗ − 𝑏𝜔𝜏 ,   

𝑏1 = 𝑎∗𝜔𝜏 + 𝑏 , 𝑎2 =
𝑎1

𝑎0

   ,    𝑏2 =
𝑏1

𝑎0

    , 𝛼1 =
1

𝛼
+ 1,

𝑏3 = 4𝛼𝑎3 − 10𝑎2(1 + 𝛼),   
𝑎3 = 𝑎2

2 + 𝑏2
2 , 𝛼2 = (8𝑎3 − 2𝑎2𝛼1)2 + 400𝛼1

2𝑏2
2,

𝛼3 = 5𝑎3 (8𝑎3 − 2𝑎2𝛼1),   
𝛼4 = −20𝛼𝑏2, 𝛼5 = 𝑏3

2 + 100𝑏2
2, 𝛼6 = 5𝑎3𝑏3,

𝛼7 = −150𝑎3𝑏2,   

𝐴 =
𝛼3

𝛼2

 , 𝐵 =
𝛼4

𝛼2

, 𝐶 =
𝛼6

𝛼5

 , 𝐷 =
𝛼7

𝛼5

, 

 

 


