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Abstract -  Let    be a Galois ring of characteristic    and cardinality    . Let    be a cyclic code of arbitrary length   over  , 

viewed as ideals of  , -          The generators of   in terms of minimal degree polynomials of certain subsets of   have been 

obtained by Kaur et al. [6]. In this paper, using the structure of cyclic codes over a Galois ring given in [6], the generators of cyclic 

code of arbitrary length   over   , the ring of integers modulo 8 have been obtained in a unique form. Further, using the p-adic 

representation for the coefficients of these generators of cyclic codes over     some results involving the generators have been 

proved. Cyclic codes over modular rings have applications in code- division multiple access (CDMA) cellular radio communication 

systems and M-PSK (M-ary Phase Shift Keying) channel. 
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INTRODUCTION 

 

Let   be a commutative ring with identity. A subset 

     is called a linear code of length   over   if   is an 

 -submodule of    . A cyclic code   of length   over   is 

a linear code such that (               )     

whenever(             )    . Identifying the codeword 

(             )     
   with the polynomial  ( )     

           
          , -   

    , cyclic 

codes over a ring   can be recognized as ideals of    . 

Further, a cyclic shift (               ) of the codeword 

(             ) can be identified with the polynomial 

  ( ) modulo     . 

A finite ring with identity is a Galois ring if its zero 

divisors including zero form a principal ideal     for 

some prime  . A Galois ring   is a Galois extension of 

    of degree  , where   is a prime and     are natural 

numbers. The characteristic of the Galois ring   is    and 

cardinality is      Further,   is isomorphic to the ring 

   , -    ( )   where  ( ) is a monic basic irreducible 

polynomial of degree   in    , -. It is easy to see that 

       ( )   is a root of  ( ) and          

      
      ( )                    

     

where         for          Therefore,   

   , -    ( )          , -. A Galois ring of 

characteristic    and cardinality     is denoted by 

  (     )  The Galois ring   (     ) is isomorphic to a 

finite field     with    elements for      and, is  

 

 

 

 

 

isomorphic to a finite ring     with    elements for     

([12]).  

The codewords of    linear codes are associated  with 

some complex valued sequences. If the complex 

correlation of the complex valued sequences is low so that 

the minimum Euclidean distance of the code is large then 

the family of such sequences has applications in code-

division multiple access (CDMA) cellular radio 

communication systems and the code has potentially good 

error correction. For further reference, see [8]. 

Further in communication systems, cyclic codes over    

are employed in 8-PSK (8-ary Phase Shift Keying) 

channels, where 8 possible channel signals are different 

phases of a given basic signal. The 8 channel signals are 

associated with integers modulo 8 and this association 

gives the motivation to study cyclic codes over   . For 

further reference, see [10]. Thus a profound 

characterization of such an important class of codes is 

needed. 

It is well known that cyclic codes over finite fields are in 

one to one correspondence with the monic divisors of 

    . However, the description of cyclic codes over a 

finite ring   in terms of the divisors of       is much 

more intricate, as the polynomial ring  , - ceases to be a 

unique factorization domain. In literature, mostly the 

structure of cyclic codes has been determined in terms of 

the divisors of      . For reference see ([1], [4], [5] and 

[9]).  Kaur et al. [6] have employed a completely different 

approach to obtain the structure of cyclic codes of arbitrary 
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length over a Galois ring. Using this structure, we have 

obtained a unique form for the generators of cyclic codes 

over      Further some results related to the generators of 

cyclic codes of arbitrary length over    have been 

obtained. These results characterize the generators of the 

cyclic codes of arbitrary length over      This is a 

generalization of the results given by Sobhani and 

Molakarimi [11]. For further references, see Abualrub and 

Siap [2] and; Al-Ashker and Hamoudeh [3]. 

 

II.      PRELIMINARIES 

 

Let   be a Galois ring of characteristic    and cardinality 

    and     , -   
      We give below some 

preliminary results which shall be used in this paper.  

 

Lemma 1. ([12]) Let   *             
   +  where   

is a root of  ( ) which is a monic basic irreducible 

polynomial in    , -  Then every element      

    , -    ( )   can be written uniquely as 

                
   ,               (1) 

where               . Moreover,   is a unit if and only 

if     . 

 

The representation given in equation (1) is called the  -

adic representation of the element    

 

Let   be an ideal in   . Let   ( ) be a minimal degree 

polynomial in   with minimum power of   in its leading 

coefficient. Suppose the leading coefficient of   ( )  is 

      where    is a unit and         . If      then 

  ( ) is a monic polynomial; otherwise for        , 

successively define   ( ) to be a minimal degree 

polynomial with minimum power of   in the leading 

coefficient among all polynomials in   having the power 

of   in the leading coefficient less than     , where    is the 

power of   in the leading coefficient of   ( ) and    is the 

minimum power of   among the leading coefficients of all 

polynomials in    Clearly                   

    . For         ( ) is a monic polynomial. Let    be 

the degree of the polynomial   ( ). Clearly        . 

 

Theorem 1. ([6]) Let   be an ideal in    and   ( ) be 

polynomials as defined above. Then 

      ( )   ( )     ( )  . 

 

Theorem 2. ([6]) Let   ( ) be the polynomials as defined 

earlier. Then 

1)           ( )       ( )     ( )     ( )   

for        . 

2)   ( )    
    ( ), where   ( ) is a monic polynomial 

in   , -       ,    is a Galois ring of 

characteristic       for       . 

3)     ( )   ( ) (mod           ) for        . 

4)   ( )     ( ) (mod      ). 

5)    (    )     ( )   ( )     ( )    and 

  ( ) ( 
   ) (mod         ). 

 

Consider the map  

    , -             , -   
     defined as 

 ( ( ))   ( )̅̅ ̅̅ ̅̅  , where  ( )̅̅ ̅̅ ̅̅    ( ) (mod p). 

Clearly,   is a surjective ring homomorphism. 

 

Definition 1. For           the    - torsion code      

of a cyclic code   of length   over   is  

    ( )  {  ( ( )) |  
  ( )      ( )    +  

 

Theorem 3. ([7]) Let       ( )   ( )     ( )   be 

an ideal in    where   ( )    
    ( ) are polynomials 

as defined earlier. Then      ( )     ( )
̅̅ ̅̅ ̅̅ ̅   and   

  - 

torsional degree of       .  ( )/        

Remark 1. ([7]) Let       ( )   ( )     ( )   be a 

cyclic code of length   over   , where   ( )    
    ( ) 

are polynomials as defined earlier. Let            for 

        and        . Clearly,     ( )  

     ( )            ( )          
     

     ( )         ( )              ( )  

       ( )  for           and       ( )  

        ( )              ( )         ( ). 
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III.      MAIN RESULT 

 

In this section, we shall use the   adic representation for 

the coefficients of the generators of cyclic codes over    to 

prove the main result.  

 

The following result is easy to prove.  

 

Lemma 2. Let       ( )   ( )   ( ) be a cyclic code 

of length   over      where   ( ) are polynomials as 

defined earlier in Section 2. The generators   ( ) of   can 

be reduced to a unique form given by   ( )  

       ( )   
       ( )   

       ( ) where     ( ) are 

polynomials in   , - such that    .    ( )/  

   .    ( )/     .    ( )/     .    ( )/ and  

   .    ( )/     .    ( )/. 

 

We shall now give the main result of this paper. Assume 

that     ( )      ( )    where   ( ) can be determined 

using Remark 1and Theorem 3.  

 

Theorem 4.  Let       ( )   ( )   ( ) be a cyclic 

code of length   over   , where   ( )   ,   ( )  

     ( )       ( )       ( ),   ( )        ( )  

     ( ) and   ( )       ( ) as defined earlier in 

Lemma 2. Then over    we have 

1)     ( ) ( 
   )  for          

2)     ( )       ( )  for        

3)   ( ) 
(    )

      ( )
      ( )  for        

4)   ( ) 
(    )

      ( )
(      ( )        ( )  

      ( )      ( )

      ( )
)  for      

5)   ( ) (      ( )        ( )  
      ( )      ( )

      ( )
  for 

     

 

Proof. Using parts (3), (4) and (5) of Theorem 2, 

conditions (1) and (2) of the theorem hold. The polynomial 
(    )

    ( )
  ( ) is in    For     

(    )

   ( )
  ( )  

(    )

   ( )
.    ( )       ( )       ( )/ 

is in    Therefore 

  (    )
    ( )

    ( )
  (    )

    ( )

    ( )
 

is in    This gives that 

  ((    )
    ( )

    ( )
  (    )

    ( )

    ( )
)  

is in     ( )      ( )    Hence 

  ( ) 
(    )

    ( )
    ( ) mod 2, 

which proves condition (3) of the theorem. Similarly for 

    the condition (3) holds. 

Using condition (3) of the Theorem along with the fact that 

  ( )      ( )     we get that the polynomial  

 ( )  
(    )

    ( )
  ( )  

(    )    ( )

    ( )    ( )
  ( ) 

is in    Now  

 ( )    
(    )

    ( )
    ( )   

(    )

    ( )
    ( )

  
(    )

    ( )
    ( )

  
(    )     ( )

    ( )     ( )
    ( ) 

  
(    )

    ( )
(    ( )      ( )  

    ( )

    ( )
    ( ))  

is in    This implies that 

  ( 
(    )

    ( )
(    ( )      ( )   

    ( )

    ( )
    ( )))  

is in     ( )      ( )    This gives 

  ( ) 
(    )

    ( )
(    ( )      ( )   

    ( )

    ( )
    ( )) mod 2,  

which proves condition (4) of the theorem. 

 

Further, using condition (2) of the theorem the polynomial 

 ( )     ( )  
    ( )

    ( )
  ( ) is in    Now  ( )  

 (    ( )      ( )  
    ( )

    ( )
    ( )) is in    This implies 

that  (    ( )      ( )  
    ( )

    ( )
    ( ))  is in 

    ( )     ( )    Hence   ( ) (    ( )      ( )  
    ( )

    ( )
    ( )) mod 2, which proves condition (5) of the 

theorem. 

 

Theorem 5. Let       ( )   ( )    be a cyclic code of 

length   over   , where    ( )       ( )       ( )  
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     ( ) and   ( )       ( ) as defined earlier in 

Lemma 2. Then over    we have 

1)     ( ) ( 
   )  for        

2)     ( )       ( )  for      

3)   ( ) 
(    )

      ( )
      ( )  for      

4)   ( ) 
(    )

      ( )
(      ( )        ( )  

       ( )

      ( )
)  for 

     

 

Proof. Following the same steps as in the proof of the 

above theorem and using the fact      ( )       ( )    

along with Remark 1, we get the required result. 

 

CONCLUSION 

 

In this paper, we have characterized the generators of 

cyclic codes of arbitrary length over   . This 

characterization can be employed to obtain certain good 

codes suitable for the 8-PSK communication systems and 

CDMA cellular radio communication systems. Further 

using these results, a closed formula on the number of 

distinct cyclic codes over    can be obtained.  
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