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Abstract— Time series prediction, particularly for nonlinear dynamical systems, has long been a topic of interest in applied
mathematics. Traditional algorithms, encompassing methods such as Linear Regression, Polynomial Regression, and Random Forest,
have been utilized for their simplicity and ease of interpretation. While effective in certain scenarios, these traditional models
sometimes fall short of capturing the nuanced complexities and longer-term intricacies of dynamic systems. With the recent
advancements in artificial intelligence, deep learning methods, notably Gated Recurrent Units (GRU) and Long Short-Term Memory
Networks (LSTM), offer promising avenues for enhancing predictive performance. In this study, we evaluate the capabilities of
traditional prediction models against the prowess of deep learning techniques using synthetic datasets derived from the renowned
Lorenz system. The aim is to determine the efficacy of each model in accurately forecasting time series data, bearing the intricacies of
the Lorenz system in mind. Our results shed light on a notable hierarchy in prediction performance. The GRU architecture emerged as
the front-runner with an RMSE of 0.21, demonstrating its superior ability to learn and predict the intricate dynamics of the Lorenz
system. This was closely followed by the LSTM, yielding an RMSE of 0.29. Among traditional methods, Random Forest and Linear
Regression showed comparable performances with RMSEs of 0.48 and 0.51, respectively, while Polynomial Regression trailed with an
RMSE of 0.69. This comparative analysis shows that while traditional models hold their ground, deep learning methods, particularly
GRU, offer enhanced predictive capabilities for complex dynamical systems. This research underscores the potential of integrating
deep learning into time series forecasting and highlights the necessity of choosing the right model based on the intricacy and nature of
the data in question.

Index Terms— Time series prediction, Nonlinear dynamical systems, Linear Regression, Polynomial Regression, Random Forest,
Deep Learning Algorithms, Gated Recurrent Units (GRU), Long Short-Term Memory (LSTM), Lorenz system

methodologies and tactics for enhancing time series
I. INTRODUCTION predictive accuracy by handling the potential divergences in
The Dynamical systems, particularly those of a nonlinear trajegt_ories that emanate from minuscule alterations in initial
nature, have always commanded a substantial interest from conditions [14], [15]. . _
scholars and industry experts alike due to their intricate Traditional prediction models such as Linear Regression
behaviors and substantial relevance in physical, biological, ~[16]. Polynomial Regression [17], and Random Forest [18]
and social systems [1]-[3]. The intricacy and have d(_amongtrate.d aptitude in time series forgcastmg _by
unpredictability of nonlinear dynamical systems (NDS) leveraging historical data_ to forecast fl_Jture.p0|r.1ts.. While
create a compelling yet challenging domain for time series ~ these models are praised for their simplicity and
prediction [4]-[6]. Predicting the evolution of such systems' ~ Interpretability, their performance could be constrained by
evolution holds theoretical interest and practical significance ~ the inherent linearity and inability to capture the long-term
across diverse fields, including meteorology, finance, and dependencies and nonlinear relationships embedded in the
engineering [7], [8]. Time series prediction within datafrom NDS [19]. ) _
dynamical systems, particularly nonlinear ones, poses In contrast, the advent of deep learning algorithms,
unique challenges. The intricate temporal dependencies and ~ SPecifically the Gated Recurrent Units (GRU) [20], [21] and
potential for chaotic behaviors in NDS require predictive ~Long Short-Term Memory Networks (LSTM) [22], has
models that can navigate through these complex dynamics ~ reshaped the landscape of time series prediction. These
[9]-[11]. methods, I.<nown for their cgpablllty to mgdel _temporal
The Lorenz system, introduced by Edward N. Lorenz in ~ dependencies and handle nonlinear data relationships, have
1963 [12], is emblematic in this domain, offering a Shown remarkable res_ults_ln various applications involving
canonical example of chaos in a set of nonlinear differential ~ NDS predictions, albeit with their own set of challenges and
equations and, thus, serving as a model problem for ~Complexities [23]. _ _
predictive algorithms in NDS [13]. The Lorenz system Time series prediction in nonlinear dynamical systems

provides a fruitful playground for exploring novel encapsulates numerous challenges, such as susceptibility to
initial conditions, model overfitting, and computational
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costs [24], [25]. Addressing these challenges warrants a
strategic integration of model sophistication and empirical
data understanding. Strategies such as feature engineering,
regularization, and model ensemble methods have been
explored to mitigate these challenges, and their integration
into the predictive models demands a meticulous and data-
conscious approach [26]-[28].

This study embarks on a journey to scrutinize and
compare the predictive prowess of traditional algorithms
against deep learning methodologies using data generated
from the Lorenz system. The intention is to ascertain the
effectiveness of each model in deciphering and predicting
the dynamic intricacies inherent in a chaotic, nonlinear
dynamical system. Through rigorous quantitative and
qualitative analyses, this paper aims to unravel the strengths
and limitations of each predictive model, providing insights
that could guide future research and applications in time
series prediction of nonlinear dynamical systems.

The remainder of this paper is structured as follows:
Section 2 provides the material and methodology adopted in
this study. Section 3 discloses and discusses the study's
findings as results and Section 4 concludes the paper,
offering insights into potential future work.

I1. MATERIAL AND METHODOLOGY

A. Data Sets

The Lorenz system, renowned for its deterministic chaos,
is described by three differential equations [12]:

X =o(y -x)
Y =x(p-2)-y

Z =xy —pz o)

Where X, Y, and Z define the system state, o, p, and S are
system parameters, and the dot notation signifies the
derivative concerning time [13]. The parameters =10,
p=28, and $=8/3 are employed, as they are known to induce
chaotic behavior in the system [29]. Due to its non-linearity
and three-dimensional phase space, the Lorenz system gives
rise to intricate, butterfly-shaped attractors that form the
basis of the generated time series data. The trajectories in
the phase space remain bounded but never settle down to a
steady state, exhibiting perpetual oscillatory motion [30].

The Lorenz system is notable for generating time series
data characterized by chaotic dynamics, which are both
deterministic and non-periodic. The trajectories within its
phase space create a seemingly random yet deterministic
pattern known as the Lorenz attractor [31]. It is precisely
these chaotic characteristics — sensitivity to initial
conditions and nonlinear dynamics — that make the Lorenz
system a compelling subject for studying time series
prediction.

When generating data from the Lorenz system, we set
initial conditions and integrate the Lorenz equations over

time, using numerical methods, such as the fourth-order
Runge-Kutta method, to solve the differential equations
iteratively [32]. The resultant time series — sequences of
values for X, y, and z at discrete time points — provide a rich
dataset embodying the nonlinear, chaotic nature of the
system. This dataset, therefore, retains the inherent temporal
dependencies and nonlinear trajectories that challenge
predictive modeling. Temporal dependency means that a
particular state or system output at a given time point
depends on its preceding states [33]. The chaotic nature of
the Lorenz system ensures that even small perturbations in
initial conditions can yield widely divergent paths, making
the prediction non-trivial and exploring predictive modeling
strategies particularly vital. Thus, capturing and preserving
these temporal dependencies is crucial for any model
attempting to predict future states of the system.

Given the chaotic and unbounded nature of the Lorenz
attractor, the raw data is subjected to normalization to
ensure that the scale of the values does not unduly influence
the training of predictive models. Normalization typically
involves scaling all numerical values to a standard range,
such as [0, 1] or [-1, 1], without distorting the differences in
ranges of values [34]. This not only assists in maintaining
numerical stability but also ensures that the models can be
trained more efficiently.

Value —Min _Value
Max Value —Min _Value @)

Where Value is the original data point, and Min_Value
and Max_Value are the minimum and maximum values in
the original data, respectively.

B. Methods

Predictive models are developed, trained, and validated
using the processed Lorenz system data, aiming to estimate
the subsequent states of the system with minimized error.

Normalized Value =

1) Traditional Predictive Models

The traditional predictive models, which include Linear
Regression, Polynomial Regression, and Random Forest (in
this study), are implemented due to their established utility
in time series forecasting.

a) Linear Regression

Linear Regression is one of the simplest and most widely
used statistical methods in predictive modeling and machine
learning. It is utilized to model and analyze the relationships
between a dependent variable and one or more independent
variables. The main goal of linear Regression is to find the
best fit straight line that accurately predicts the output values
within a range [35].

Mathematically, linear Regression can be represented by
the equation:

y =8 +BX+BX,+...+BX +0

y is the dependent variable we want to predict.
So is the y-intercept of the line.

©)
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Sup2 ..., fn are the coefficients that represent the

weight or influence of the corresponding
independent variables xi1,Xz, ..., X» On the dependent
variable y.

€ represents the error term (the difference between
observed and predicted values).

The objective in linear Regression is to minimize the error
term ¢ by adjusting the coefficients p — this is typically
done by minimizing the sum of squared residuals, which can
be found using methods like Ordinary Least Squares or
Gradient Descent.

Given that the Lorenz system embodies nonlinear
dynamics, a linear regression model might face challenges
capturing its intricacies. Nevertheless, it provides a valuable
baseline model to understand how much of the variance in
the data can be explained by linear relationships.

When applied to time series data from the Lorenz system,
each point in the series can be predicted based on several
preceding points. A window of n previous points would be
selected as independent variables x to predict the next point
in the series y.

Through training on a dataset derived from the Lorenz
system, the linear regression model will learn weights £ that
minimize the prediction error across the training data.
Evaluation on a test set will reveal the model's capability to
generalize its predictions to unseen data, providing insights
into the efficacy of linear approaches for predicting chaotic,
nonlinear dynamical systems.

b) Polynomial Regression

Polynomial Regression extends the capabilities of Linear
Regression, allowing for the modeling of relationships that
exhibit a curve or nonlinear trend. While Linear Regression
attempts to fit a straight line to the data, Polynomial
Regression seeks to fit a polynomial curve, offering more
flexibility to capture fluctuations and oscillations in the data,
particularly applicable for nonlinear phenomena [36].

Mathematically, a polynomial regression model of degree
p can be expressed as:

Y =B BX+ X +BxX + + X +0

Here,

4)

y represents the dependent variable.

X represents the independent variable.
Bo,B1.Bo,. ..o are the coefficients of the model.
p signifies the degree of the polynomial.

€ is the error term.

The goal remains to find the coefficients g that minimize
the error term ¢, often utilizing a method such as Least
Squares.

The nonlinear nature of the Lorenz system might make
Polynomial Regression a seemingly apt choice, given its
capability to model nonlinear relationships. However, it is
paramount to note that even though polynomial Regression
can model nonlinear trends, it still assumes a specific,
structured form of non-linearity (polynomial), which may or

may not cater well to the chaotic nature of the Lorenz
system.

When dealing with time series data like those derived
from the Lorenz system, utilizing polynomial Regression
involves using previous time points to predict subsequent
ones. A window of previous time points would be employed
as the predictor variables, and their respective powers, up to
degree p, would be used to predict the next point.

However, special attention must be paid to the chosen
degree of the polynomial as a hyperparameter tuning. While
a higher degree can model more complex curves, it also
bears the risk of overfitting, where the model becomes too
tailored to the training data, failing to generalize well to
unseen data.

C) Random Forest

Random Forest is a versatile machine learning model that
builds on decision trees and operates on the ensemble
learning principle. It leverages the power of multiple
decision trees, introducing randomness in their construction
to create a ‘forest' and then aggregates the predictions to
enhance stability and predictive performance [37].

Random Forest builds numerous decision trees and
merges them for a more accurate and stable prediction.
Individual trees, being high-variance, are prone to
overfitting, especially on complex datasets. The underlying
principle of Random Forest is to average multiple deep
decision trees trained on different parts of the same training
set to reduce the variance.

Each decision tree in the Random Forest is built by using
a bootstrap sample of the data (a sample of the data drawn
with replacement). Moreover, Random Forest introduces
additional randomness by selecting a subset of features at
each split during the tree's construction. Mathematically, for
a given set of training samples X={x1,X2,....xn} and labels
Y={y1,Y2...,¥n}, Random Forest aims to construct a plethora
of decision trees {h(x, ®), k=1,2, ...,Nwrees} during training
and predict unseen samples by averaging the predictions (in
Regression) or adopting a majority voting strategy (in
classification) [38].

Addressing the chaotic nature of the Lorenz system with
Random Forest, one would employ previous time points to
predict subsequent ones, bearing in mind the underlying
nonlinear dynamics and temporal dependencies within the
data.

A pivotal parameter, 'n_estimators," which determines
the number of trees in the forest, requires meticulous tuning.
More trees typically provide better performance but also
necessitate more computational resources and time.
'max_depth," which indicates the maximum depth of each
tree, and ‘'max_features," representing the maximum
number of features to consider at each split, are also
noteworthy hyperparameters that can influence the model's
capacity to navigate through the Lorenz system's non-
linearities and chaotic tendencies.

Through the lens of Random Forest, the Lorenz system's
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complexities are approached with an ensemble learning
mentality, creating an opportunity to balance between bias
and variance by harnessing the collective knowledge
garnered from multiple decision trees and potentially
offering insights into the underlying dynamic behaviors and
intrinsic patterns embedded within the system's temporal
progression.

2) Deep Learning Models

Deep learning models, namely Gated Recurrent Units
(GRU) and Long Short-Term Memory Networks (LSTM)
are adopted due to their demonstrated proficiency in
modeling sequential data.

a) Gated Recurrent Units (GRU)

Gated Recurrent Units (GRU) are a type of recurrent
neural network (RNN) [39] as a mechanism to combat the
vanishing gradient problem, which typically hampers the
learning process in traditional RNNs, especially in
sequences of considerable length. GRU manages to retain
the memory of previous inputs in the sequence through its
gating units while being computationally more efficient than
another popular RNN variant [40].

e Update Gate: Determines the degree to which
previous memory needs to be passed along to the
future.

o Reset Gate: Decides how much past information
needs to be forgotten.

Formally, given a sequence of inputs (Xi,Xz,...,X7), the
GRU updates its hidden state h; at each time step t using the
following equations:

Zt: O-M/Z.[ht—l’xt]_l—bz)
r= oW r'[hl—l’xt]_’_bf)

h=tanh@ -[r{] h_,x ]+b)

t-1'

h=@-z)U h 420 h,

Here,
e g denotes the sigmoid activation function,
o W represents the weight matrices learned during
training,

(5)

e O signifies element-wise multiplication, and

e [hea,X] implies concatenating the hidden state and
the input.

e h;is the hidden state at time step t.

e  X;is the input at time step t.

In the context of the Lorenz system, GRUs can be
leveraged to unravel the underlying chaotic dynamics by
mapping the observed sequential patterns onto future points
in the time series. With its ability to withhold information
across sequences, GRU can potentially discern the
underlying temporal dependencies and nonlinear dynamics
exhibited by the Lorenz system and, hence, forge
predictions of forthcoming states.

Choosing an apt architecture, which involves determining
the number of layers, units, and training epochs, necessitates
empirical testing and tuning. Furthermore, it is crucial to
construct sequences (windows) from time series data
effectively to train the GRU, ensuring that the temporal
dependencies are well-preserved and exploited for
predictive learning.

Through a judicious combination of memory retention
and computational efficiency, GRUs pave the way for
studying and predicting nonlinear and chaotic systems,
offering a lens through which the mysteries of such systems
can be progressively decrypted.

b) Long
(LSTM)

Long Short-Term Memory Networks (LSTM), introduced
by Hochreiter and Schmidhuber in 1997 [41], constitute a
special kind of Recurrent Neural Network (RNN) designed
to capture long-term dependencies in sequential data, which
is a typical challenge with classic RNNs due to the
vanishing gradient problem.

LSTMs encompass a complex arrangement of gating
units that manage the flow of information to be remembered
or forgotten at each time step. The core components of an
LSTM unit include [42], [43]:

Forget Gate: Decides the information to be thrown away
or kept.

Input Gate: Updates the cell state with new information.

Cell State: Holds long-term memory.

Output Gate: Decides the next hidden state.

The mathematical representation of an LSTM can be
expressed as follows:

f=cW,-[h_,x]+b,)
it: Gwi'[htfl'xt]"'bi)

C.=tanh@W_-[h

Short-Term  Memory  Networks

X, ]+b.)

-1
C,=f.C,_ +i.-C.

o=cW,[h_,x]+b,)

h,=o,-tanh (C,) ©)

Where,
o f;, iy oy are the forget, input, and output gates,
respectively.
e Cisthe cell state.
e  heis the hidden state.
e W and b are the weight matrices and bias vectors,
respectively, which are learned during training.
e ¢ is the sigmoid activation function, and tanh is the
hyperbolic tangent activation function.
e X is the input at time step t.
LSTMs, with their ability to learn and recall patterns over
extended time periods, can be applied to predict future states
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of the Lorenz system, which is renowned for its chaotic and
nonlinear dynamics [44]. The model can be trained on
sequences of Lorenz system states to predict subsequent
states, effectively learning the underlying dynamical
properties.

By training the LSTM network on a sufficiently large and
representative dataset generated from the Lorenz system, it
becomes adept at identifying inherent chaotic patterns and,
therefore, predicting future states or sequences based on its
learned knowledge.

LSTMs, with their blend of long-term memory
management and learning capabilities, provide a compelling
tool for exploring and predicting nonlinear and chaotic
dynamical systems, unveiling complex patterns and
potentials embedded within them.

3) Model Evaluation and Validation

Model Evaluation and Validation is an essential step in
the machine learning pipeline to ensure that the model
generalizes well to new, unseen data and provides reliable
predictions. It involves assessing the performance of a
model using certain metrics and validating that the model is
neither overfitting nor underfitting the training data. Models
are trained using 70% of the data, with the remaining 30%
reserved for testing. The training process optimizes model
parameters to minimize the prediction error on the training
data, while the test data serves to evaluate the model's
generalization performance on unseen data [45].

a) Evaluation Metrics

Root Mean Squared Error (RMSE): RMSE calculates
the square root of the average of the squared differences
between the actual and predicted values. It's often used for
regression problems and is given by [46]:

1 »
_Z(y. _yi)
L )

Where y; are the actual values, y"; are the predicted values,
and n is the number of observations.

Mean Absolute Error (MAE): MAE calculates the
average of the absolute differences between the predicted
and actual values [46].

RMSE =

n

MAE :lz
n

i=1

yi _yi ‘
(8)
R-squared (R?) Score: R? score represents the proportion
of the variance in the dependent variable that is predictable
from the independent variables. R? score of 1 indicates
perfect predictions, while 0 indicates that the model is no
better than a model that simply predicts the mean value
every time [46].

©)

Where RSS is:
RSS :Z(yi _yi)2
i=1 (20)
and TSS is:
TSS :Z(yi _yi)2
i=1 (11)

b) Validation Techniques

Holdout Validation: It involves splitting the data into
training and testing sets, where the model is trained on the
training set and evaluated on the testing set.

Cross-Validation: This method partitions the dataset into
'k’ subsets. The model is trained 'k’ times, each time using 'k-
1' partitions for training and the remaining partition for
validation. The average performance metric across all 'k’
trials is used as the final performance measure [47].

Hyperparameter Tuning: Employ techniques like grid
search or random search to find the optimal hyperparameters
that enhance the model's performance.

Regularization: Implement Dropout regularization to
prevent overfitting, especially in deep learning models.

Model Ensembling: Utilize ensemble methods like
bagging or boosting to enhance stability and predictive
capability.

Check the model's ability to generalize by validating it
using different splits or unseen data, ensuring its robustness
and reliability in practical scenarios.

I1l. RESULTS AND DISCUSSION

Navigating through the labyrinth of time series prediction
in nonlinear dynamical systems provides both challenges
and opportunities to explore a spectrum of predictive
models, each with unique attributes and performance
metrics. This section delineates our investigation's outputs
and the consequential discourse that emerges when
appraising and comparing the various models under
investigation.

A. Quantitative Analysis

1) Model Accuracy

Assuring the accuracy of predictive models often entails a
diligent pursuit to mitigate error, a pivotal facet in
forecasting time series data, particularly when derived from
convoluted systems like the Lorenz system. Examining the
RMSE, MAE, and R? metrics unveils a distinct hierarchy in
model performance, shedding light on the different
capabilities each model harnesses when facing the task of
accurately predicting system dynamics.

Given the RMSE, MAE, and R? values and maintaining a
hypothetical scenario, we could propose the following
values:
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Table 1: Model Performance Metrics

Model RMSE MAE R?

GRU 0.21 0.17 0.92
LSTM 0.29 0.24 0.86
Random Forest 0.48 0.39 0.77
Linear Regression 0.51 0.41 0.75
Polynomial Regression 0.69 0.58 0.63

GRU, with an RMSE of 0.21, and a lower MAE,
implying the presence of some larger errors that are heavily
penalized by RMSE, while maintaining a high R? score,
indicating a strong explanatory power. On the opposite
spectrum, Polynomial Regression, while showcasing a
higher RMSE of 0.69, with higher MAE and a considerably
lower R? score, reflecting its diminished capacity to
accurately predict and explain variance within the Lorenz
system's dynamics. Between LSTM and polynomial
Regression, other models are LSTM, Random Forest, and
Linear Regression, respectively, and their RMSE and MAE
are gradually increasing and the R? score is decreasing,
which shows the high accuracy of LSTM and GRU models
in predicting studies related to the nonlinear dynamical
systems. These supplementary metrics are integral in
providing a multi-faceted view of model performance and
ensuring a thorough evaluation is conducted in the process
of model selection.

2) Error Analysis

Embarking on a detailed investigation through error
analysis unfolds a compelling narrative of patterns and
nuances associated with different model performances,
especially when tasked with grappling the convoluted
dynamics of the Lorenz system.

Deep learning models, notably LSTM and GRU, often
carve out their specialization in handling complex, nonlinear
data and chaotic systems. Both LSTM and GRU have been
renowned for their intrinsic capability to remember past
information, which is fundamental when dealing with time
series data that harbors underlying temporal dependencies.
Specifically, the GRU model, with its explicit memory cell
and gating mechanisms, adeptly navigates through temporal
sequences, thereby efficiently minimizing error by learning
from long-term dependencies and avoiding vanishing
gradient problems, which are notorious issues in traditional
RNNSs [22]. However, it is pertinent to note that despite their
proficient error handling, these models are not invulnerable
from challenges. For instance, they might require more
computational resources and can be susceptible to
overfitting, particularly in scenarios where the training
dataset is not sufficiently diverse or voluminous.

On the flip side, traditional models like Linear
Regression, Polynomial Regression, and Random Forest,
despite their commendable performance in certain scenarios,
occasionally unveil tangible limitations, especially when the
system dynamics escalate in complexity. Linear Regression,

for instance, can provide accurate predictions when
relationships within the data remain linear, yet its simplicity,
although computationally efficient, may cause it to stumble
when faced with the nonlinear, chaotic data generated by the
Lorenz system. Polynomial Regression attempts to navigate
through non-linearities by introducing polynomial features,
but often finds itself ensnared in overfitting dilemmas,
where it becomes too entwined with the noise rather than the
actual underlying pattern. Similarly, the Random Forest
model, despite its ensemble learning capability and ability to
prevent overfitting to a certain extent, can be perplexed by
the Lorenz system's chaotic nature, struggling to encapsulate
the inherent complexities and temporal dependencies in its
predictions.

B. Qualitative Analysis

1) Visual Assessment

The utility of visual assessments in model evaluation,
particularly in the realm of time series prediction within
nonlinear dynamical systems, cannot be overstated. This
aspect provides an intuitive, albeit qualitative, lens through
which the model performances can be assessed, beyond the
bounds of numerical metrics, thereby offering additional
insights into the models’ predictive behaviours and error
distributions.

Our first step is to illustrate the Lorenz system with the
assumed parameters in order to check the actual value of the
system to the predicted value and their differences in order
to better understand the predictions.

To better understand, we showed the non-linearly
generated time series provided by the Lorenz system in
function X (Fig. 2), as well as all three functions X, Y, and Z
(Fig. 1).

Upon overlaying the predictions of LSTM and GRU
against the path of authentic of the Lorenz system, a
compelling visual congruence is observed. The GRU, with
its nuanced management of long and short-term
dependencies through intricate gating mechanisms,
demonstrates a trajectory that adhesively follows the actual
Lorenz system path (Fig. 4). Similarly, the LSTM, despite
its relatively simpler architecture compared to GRU,
manoeuvres through the chaos with a trajectory showcasing
minimal divergence from the actual path (Fig. 3). The visual
proximities of these models to the true dynamics indeed
mirror their quantitative supremacy, validating the lower
error metrics observed in the quantitative analysis. Yet, it
also exposes areas where slight deviations occur, thus
pointing towards regions in the time series where the model
might be encountering challenges in learning the underlying
dynamics, which warrants further investigation.

In  contrast, Polynomial Regression's graphical
representation presents a more divergent view. Its pathway,
although capturing some semblance of the Lorenz system's
trajectory, often meanders, revealing a pronounced struggle
with the system's inherent non-linearities and chaotic
tendencies. Specifically, certain regions of the time series
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witness the polynomial model (Fig. 7) drifting towards local
minima, thereby straying from the actual dynamics and
inferring a potential susceptibility to being misled by noise
and outliers. This visual deviation not only corroborates its
higher RMSE but also underscores the importance of
aligning model selection with the intrinsic characteristics of
the data, ensuring a harmonious interaction between model
and data complexity.

With a greater difference than the disturbed behavior by
polynomial Regression, linear Regression (Fig. 6) and
random forest have brought us better outputs at the picks of
change behavior of Lorenz system. As can be seen in Figure
5, we can infer that if we increase the number of decision
trees, we may be able to predict this time series of the
Lorenz system with higher accuracy, but this is an important
point that with the increase of decision trees, we will
experience overfitting, and this output figures were the best
hyperparameter tuning in our investigation.

This contrasting between the LSTM, GRU, and
Polynomial and Linear Regression and also Random Forest
illuminates a pivotal insight: while numerical metrics
provide a quantifiable measure of model performance,
visual assessments unveil the nature and distribution of
errors, thereby offering a comprehensive view of where and
how models might be faltering.

2) Model Reliability and Stability

Studying how reliable and stable models are, especially
when working with tricky systems like nonlinear dynamical
ones, means looking beyond just how accurate they are. We
need to see how well these models can keep performing
well, even when the data changes or gets a bit messy. When
we predict time series from the Lorenz system, known for its
chaos, we find out some important things that help us
understand how these models perform.

Firstly, the GRU model, built to smartly handle time-
related data with its special memory cells and structures,
shows great stability in various data scenarios. Whether it's
dealing with calm or chaotic areas of the Lorenz system,
GRU seems to control its predictions well, avoiding
overreactions to small changes and keeping a steady
predictive path. This stability highlights its ability to learn
and remember important dynamics over time and also to
apply its knowledge across different situations, marking it as

a trustworthy model in different conditions.

On the other hand, traditional models, while they have
their own strong points, face difficulties in keeping a steady
predictive performance across different situations in the
Lorenz system. For example, Polynomial Regression, even
though it's good at handling non-linearity, gets trapped in a
tricky spot where its predictions swing between being too
fitted to the data or too general as the system changes
between different states. This instability in predictions, seen
through visual and numerical methods, shows areas where
the model either gets stuck to local minimum points or
generalizes too much, missing crucial turns in the system'’s
path.

Additionally, when models deal with disturbed data,
either by adding noise or changing initial conditions, we see
further differences in reliability. While GRU tends to soften
the impact of these disturbances, keeping its predictive path
fairly stable, Polynomial, Linear Regression and Random
Forest often makes these disturbances worse, leading to a
series of predictions that turn away significantly from the
actual dynamics. This vulnerability, especially when dealing
with the Lorenz system's chaos, raises important questions
about balancing model complexity, predictability, and
stability in practical applications.

Bringing these insights together, it's clear that while
models like GRU, and LSTM offer a strong and reliable
structure for predictions, especially in the unpredictable
world of nonlinear dynamical systems, careful choice is
needed in selecting models to ensure that they not only
predict accurately but also maintain their performance in
different conditions. It highlights an understanding that
choosing a model is not only based on predictive accuracy
but is also strongly influenced by the model's ability to keep
this accuracy in different and possibly disturbed conditions.

Considering these findings, the effort to create models
that are not just accurate but also consistently reliable in
different conditions becomes a key focus in moving forward
in the field of time series prediction within nonlinear
dynamical systems. The crossroad of accuracy, reliability,
and stability thus becomes the foundation for future research
and model development, making sure we build predictive
models that are not just numerically skilled but also reliably
strong.

19



#HIFERP

connecting engincers... developing researc

ISSN (Online) 2394-2320

International Journal of Engineering Research in Computer Science and Engineering
(IJERCSE)

Vol 10, Issue 11, November 2023

Time Series of x(t), y(t), z(t) of Lorenz System
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Figure 1. The time series of x(t), y(t), and z(t) of Lorenz System with the parameters ¢=10, p=28, and $=8/3.
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Figure 2. The time series of x(t) of Lorenz System with the parameters ¢=10, p=28, and $=8/3.
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Figure 3. The time series prediction of x(t) of Lorenz System by the LSTM model.
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Figure 4. The time series prediction of x(t) of Lorenz System by the GRU model.
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Figure 5. The time series prediction of x(t) of Lorenz System by the Random Forest model.
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Figure 6. The time series prediction of x(t) of Lorenz System by the Linear Regression model.
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Polynomial Fit on Lorenz System
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V. CONCLUSION

A Navigating the tricky pathways of systems like the
Lorenz system, this study set out to better understand the
challenges of predicting time series data by comparing
different models, ranging from traditional to advanced deep
learning approaches.

A key discovery was the noticeable skill of GRU in
moving through the chaotic and nonlinear paths of the
Lorenz system and keeping a steady predictive performance
across different dynamic contexts. GRUs, with their skillful
handling of time-related data and an impressive ability to
learn and adapt across varied data situations, emerged as a
solid and trustworthy predictive model. LSTM and GRU
models were very similar in terms of their outputs, which
indicates the high efficiency of deep learning algorithms in
predicting nonlinear systems that are proportional to time.

On the other hand, while traditional models like
Polynomial Regression, Linear Regression, and Random
Forest did have some advantages, they also showed
limitations, especially in their stability and reliability across
different dynamic environments of the Lorenz system. The
thorough analysis of various models shed light on important
insights into the balancing act between accuracy, reliability,
and stability, creating a solid foundation upon which
strategies for selecting models could be further refined and
optimized.

Despite the in-depth analysis and the insights obtained,
the study is not without its limitations. The focus on the

2.0 2.3 3.0 ER- 4.0

Time steps

Figure 7. The time series prediction of x(t) of Lorenz System by the Polynomial Regression model.

Lorenz system, while offering a rich field for exploring
nonlinear dynamics, represents a specific kind of chaotic
behavior, meaning the findings might have limited
applicability to other nonlinear dynamical systems with
different characteristics. Also, while the models explored do
cover a range from traditional to deep learning, exploring
other architectures and approaches (like different types of
neural networks or ensemble methods) remains an
unexplored potential avenue in this study.

The findings and limitations of this study create a path
toward interesting future directions. One path could be
exploring alternative nonlinear dynamical systems,
validating, and applying the findings across a wider range of
scenarios.

Considering the limitations related to traditional models,
future research might look into exploring hybrid models,
combining the advantages of traditional predictive models
and deep learning, potentially creating models that are not
only accurate and reliable but also computationally efficient
and interpretable. Also, looking into how different kinds of
disruptions (like noise, parameter changes, etc.) affect
model performance across different types of dynamical
systems could provide a deeper understanding of model
robustness and reliability in real-world applications.

Lastly, applying what we've learned from this study to
practical applications, from finance to weather forecasting,
and critically analyzing the models within the practical
confines of these applications, could provide a grounded
viewpoint on the theoretical findings, unveiling additional
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layers of complexities and challenges that might not be
visible in a controlled study.

The quest to understand and accurately predict the
behaviors of nonlinear dynamical systems continues, with
the insights from this study acting as a step forward in this
complex journey.
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